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• 

OBmAH XAPAKTEPHCTHKA PABOThI 

.Axzyam.Horn pa6oTI.I. 

KpaeyroJILHLIM KaMHeM B H3)"l:eHHH qia30BLIX rrepexo.i:10B HBIDieTCJI npHHD;Hrr 

)'HHBepcaJILHOCTH. 3THM 06'1>J1CHJ1eTCJ1 TO, 'ITO n;eJILie rpymrLI CHCTeM Be,llyT ce6H 

H,lleHTH'IHO B6JIH3H KpHTH'IeCKOH TO'IKH, HaIIpHMep, y KpHTH'!eCKOH TO'IKH rrepexo.i:1a 

>KH,l:IKOCTH B ra3 B >KH,l:IKOCTJIX HJIH y TO'IKH KropH B MarHHTax, r.i:1e ,l:IBe <I>a3LI CTaHOBJITCJI 

Hepa3JIH'IHMHMH. KpHTH'IeCKaH TO'!Ka HJIH TO'!Ka KropH, STO Ta TeMrreTaTYPa, rrpH 

KOTopoii: qieppoMarHHT CTaHOBHTCJI rrapaMarHHTOM ( ero HaMarHH'IeHHOCTL rra,L1aeT ,LIO 

eym:r). B6JIH3H KpHTH'IeCKOH TO'IKH TepMO,l:IHHaMH'IeCKHe BeJIH'IHHLI H KpHTH'!eCKHe 

SKCIIOHeHThI, xapaKTepH3Hpyiorn;He rrepexo.i:1, He 3aBHCJIT OT ,lleTaJieii: Me)J(MOJieKyJIHPHLIX 

B3aHMO,lleHCTBHH. BMeCTO STOro, STH BeJIH'IHHLI HaxO,D;JITCJI B 3aHCHMOCTH OT CHMMerpHH 

raMHJILTOHHaHa, o6JiaCTH B3aHMO,D;eHCTBHJI H pa3MepHOCTH rrpocrpaHcTBa CHCTeMLI. 

3xcrrepHMeHTaJILHLre ,n;aHHLre, aHaJIH3 H cHMyJIHD;HH MO,lleJie:il: qia30BLIX rrepexo,n;oB, a 

TaK)J(e TeOpHH peoHopM-rpyrrrr (Pf) II03BOIDllOT KJiaccH¢Hn;HpOBaTL KpHTH'IeCKHe 

CHCTeMLI no )'HHBepcaJILHOCTH TaKHM o6pa30M, '!T06LI y CHCTeM, BXO,n;mn;HX B o,n;ey H TY 

)J(e rpyrrrry, 6LIJI O,ZJ;HHaKOBLIB Ha6op KpHTH'IeCKHX SKCIIOHeHTOB. Ha OCHOBe TeopHH Pr 

61>mo TaK)J(e npe.D;JIOJKeHo, 'ITO cHcTeMLI, BXO,D;JIIIJ;He B TY )J(e rpyrrrry YHHBepcaJILHOCTH, 

MOrJIH 6LI HMeTL )'HHBepcaJILHLie <l>YHKIJ;HH CKeHJIHHra KOHe'IHOro pa3Mepa H 

)'HHBepcaJILHLre OTHOIIIeHHH aMIIJIHTY.D;· AHaJIHTH'IeCKHe H 'IHCJieHHLre pac'!faLI .D;JIH 

KpHTH'IeCKHX CHCTeM rro,n;,n;ep)J(HBaIOT H,D;eIO )'HHBepCaJILHOCTH OTHOIIIeHHH aMIIJIHTY.ZJ;. 

IlOHHTHe )'HHBepCaJILHOCTH o6LI'IHO yrroMHHaeTCJI COBMeCTHO c rHIIOTe3aMH 

CKeHJIHHra H cKeHJIHHra KOHe'IHLIX pa3MepoB ,n;m:r TepMO,ZJ;HHaMH'IeCKHX <l>YHKD;HH, 

HaxO,n;Hin;HXCJ[ B6JIH3H KpHTH'IeCKOH TO'IKH. TeopHH sqiqiercroB KOHe'IHLIX pa3MepoB H 

TeopHH CKeHJIHHra KOHe'IHLIX pa3MepoB Boo6rn;e [ 1], c ycrreXOM npHMeHJIJiaCL B 

OCHOBHOM ,D;JIJI IIOJI)"l:eHHJI KpHTH'IeCKHX H HeKpHTH'IeCKHX CBOHCTB 6e3pa3MepHI>IX 

CHCTeM HCIIOJIL3YH CBOHCTBa HX KOHe'IHLIX H '!aCTH'IHO KOHe'IHLIX aHaJioroB. c TO'IKH 

3peHHJI aTOMa HJIH MOJieKyJILI, MaKpOCKOIIH'IeCKaJI CHCTeMa Tamur OlpOMHlUI, 'ITO ee 
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'!acro paccMa-rpHBaIOT KaI< 6ecKoHe'!HO 6oJI:E.III}'JO CHCTeM)'. Pe3y.1n.TaT:E.I cpanHemra 

TeopHH H 3KCrrepHMeHTa, a TaI<:lKe cym;ecnyiom;mc pa3JIH'!H:E.IX TeopeTH'!eCKHX rro,n;xo.n;on, 

B o6m;eM COrJiacyJOTCH B pa3}'MH:E.IX rrpe.n;eJiax. 0.n;HaKO, y:lKe .n;aBHO cym;ecTBYJOT 

-rpy,n;HOCTH B corJiaconaHHH CKeil:JIHHra B px.n;e Ba:>KH:E.IX MO,D;eJieil:. HeKoTopi:.re H3 3TIDC 

-rpy.n;Hocreil: e.n;na pa3JIH'!HM:E.I. HarrpHMep, ecri:. MaJieH:E.Koe, HO cym;ecTBeHHoe pa3JIH'!He 

Me:>K,n;y 3KCIIepHMeHTaJI:E.H:E.IMH H TeopeTH'!ecKHMH 3Ha'!eHliHMH KpHTH'!eCKHX 

3KCIIOHeHT H OTHOIIIeHHH aMIIJIHTY,D; ,D;JIH A.-rrepexo.n;a cyrrep:lKH,D;KOCTH B :lKH,D;KOM reJIHH, 

KOTOp:E.IH OTHOCHTCH K KJiaccy TpeXMepHOH XY y.HHBepcaJI:E.HOCTH. IIo H:E.IHe 

cym;ecrnyrom;eil: HaH6oJiee TO'!HOH TeopeTH'!eCKOH on;eHKe (IIOJiyTJ:eHHOH B [2] c 

IIOMOID;:E.IO aHaJIH3a CKeHJIHHra KOHe'!HOro pa3Mepa B MoHTe-KapJio MO,D;eJIHpOBaHHH H 

B:E.ICOKOTeMrrepaTYPHOro pa3JIO:>KeHHH) KpHTH'!eCKOH 3KCIIOHeHT:E.I B CHCTeMax, 

OIIHCJ>IBaeMJ>IX KJiaccoM -rpeXMepHoil: XY y.HHBepcaJI:E.HOCTH, rrpe.n;cKa3J>IBaeTCH, '!TO 

3KCIIOHeHTa y.n;eJI:E.HOH TeIIJIOeMKOCTH a: =-0.0151(3); 3TO 3Ha'!eHHe HeCOBMeCTHMO c 

H:E.IHe rrpHHHT:E.IM 3KCIIepHMeHTaJI:E.H:E.IM 3Ha'!eHHeM a: =-0.01285(3) (H3MepeHH:E.IH Ha 

KOCMH'!eCKOM '!eJIHOKe, c IIOMOID;J>IO 3KCrrepHMeHTa ITO TeopHH MHKporpaBHTaD;HOHHOro 

cKeHJIHHra [3]). Y6e,n;HTeJii:.Hoe o6"I>JrCHeHHe TaI<OM)' pacxo:>K,n;eHHJO em;e He Hail:.n;eHo. 

Em;e O,D;HHM rrpHMepoM JrJIHeTCH TO, 'ITO B 3aMKHJTOH reoMe-rpHH c xapaKTepHoil: ,D;JIHHOH 

L, ,D;JIH y.n;eJii:.Hoil: TerrJioeMKOCTH C(t,L) cym;ecTByeT npe.n;cKa3aHHe, HCXO,D;Jrm;ee H3 

CKeHJIHHra KOHe'!HOro pa3Mepa [4], O,D;HaKO, .n;o CHX nop, eCT:E. HeCOOTBeTCTBHe Me:>K,D;y 

3THM rrpe.n;cKa3aHHeM H peaJI:E.H:E.IMH 3KCrrepHMeHTaMH, rrpone.n;eHHl'>IMH B 

cyrrep:lKH,D;KOCTH reJin:Jr [5,6]. Ba:>KHOCT:E. TaI<oro HecooTBeTCTBHH TaK nemma, 'ITO CTaJIO 

o6ocHoBaHHeM npone.n;eHllH 6e3}'MHO .n;opororo KOCMH'!eCKoro srccrrepHMeHTa c n;eJii:.IO 

MHHHMH3an;HH HCKa:>KaJOm;ero BJIHHHHH rpaBHTaD;HH 3eMJIH, H B TO:lKe BpeMH CTaJIO 

o6ocHoBaHHeM rrJiaHHposaHHH .n;aJIJ>Heil:mmc 3KcrrepHMeHTOB [7,8]. EcJIH B mo6oM H3 

IIJiaHHpyeM:E.IX 3KCIIepHMeHTOB pa3BaJIHTCJI TeopHH 0 HBJieHIDIX, CBJr3aHHJ>IX c 

KpHTH'l:eCKOH TO'!KOH, TO 3TO CTaJio 6i:.r ¢yn:.n;aMeHTaJil'>HOH rrpo6JieMOH B TeopeTH'!eCKOH 

¢H3HKe KOH,D;eHCHpOBaHH:blX cpe.n; H He TOJILKO. 0,D;HaKo, BMeCTO npo6JieM c JIJ06LIM 

SKCnepHMeHTaJILH:bIM IIO,D;XO,D;OM, HJIH :>Ke pa3BaJia KJiaCcH¢HKan;HH H y.HHBepcaJILHOCTH, 
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ME.I rrpe.n;JiaraeM B03MO:>KHOe o6'I>JICHeHHe ,D;JIH STHX pacxo)l(,Zl;eHHH, KOTOp:E.Ie HCXO,D;HT H3 

YTJ:eTa TaK-Has:i.rnaeM:i.IX norrpaBOK K cKeil:JIHHry. B sKcrrepnMeHTax H B n;n¢poni:.ix 

paCC'!eTax MO,D;eJI:E.HbIX CHCTeM, Ba:>KHO YTJ:eCTh s¢¢eKT:bI KOHe'!HOro pa3Mepa. 

CKeHJIHHron:i.re CBOHCTBa 3THX nonpanoK K none.n;eHHJO 6ecKoHe'!HLIX cncTeM nrparoT 

Ba:>KHyJO pOJI:b B HaIIIeM TeopeTH'!eCKOM IIOHHMaHHH KpHTH'leCKoro pe:lKHMa 

CTaTHCTH'!eCKHX CHCTeM. 

B Te'!eHHe IIOCJie,D;HHX .n;syx .n;ecHTHJieTHH, H3y'IeHHe s<P<PeKTOB KOHe'!HOro 

pa3Mepa 3Ha'!HTeJILHO rrpo,D;BHHYJIOC:E., a ero Ba:>KHOCT:E. ,D;JIH TeopHH <j:>a30B:E.IX nepexo.n;oB 

H KpHTH'!eCKHX JrBJieHHH yseJIH'!HBaJiac:i. B Hapacrarom;eM TeMrre. B IIOCJie,D;HHe ro.n;:i.r, 

3TH BOIIpOC:E.I 6LIJIH rrpe,n;MeTOM HHTeHCHBHOro H3YTJ:eHHH ,D;JIJI MHOrHX rpyrrrr 

HCCJieOBaTeJieil:. DLIJI IIpHMeHeH IIIHpOKHH Ha6op (crreICTp) TeopeTH'!eCKHX MeTO,D;OB, OT 

MeTo.n;a MoHTe-KapJio, .n;o KOH<j:>opMn:oil: TeopHH rroJIH. 

,ll;aHHaJI .n;uccepTan;HH IIOCBJrm;eHa HCCJie.n;oBaHHHM c rrpHMeHeHHeM 

aHaJIHTH'!eCKHX H BLI'!HCJIHTeJILH:E.IX MeTO,D;OB, y.HHBepcaJI:E.HOCTH H CBOHCTB KOHe'!HLIX 

pa3Mepon B ,D;BYJCMepH:E.IX KpHTH'!ecKHX Mo.n;emIX CTaTHcTHTiecKoil: MexaHHKH. B 

IIOCJie,n;Hee BpeMH 6:i.IJI ,D;OCTHrHYT 6oJI:E.lllOH rrporpecc no 3THM MO,D;eJIHM, HO MHOrHe 

HHTepecH:i.re norrpoc:E.I ocTaJIHci:. nee em;e 6e3 oTBeTa. 

IleJI:i. pa6QTW: 

I.l;eJILIO ,D;HCCePTan;HOHHOH pa60TLI JIBJIHeTCJI HCCJie,D;OBaHHe s¢<j:>eKTOB KOHe'!H:E.IX 

pa3MepoB B ,D;B}'MepHLIX MO,D;eJIHX CTaTHCTH'!eCKOH MexaHHKH. B '!aCTHOCTH: 

• HcCJie,n;oBaHHe acHMIITOTH'!ecKoro pa3Jio:>KeHHH JiorapH¢Ma CTaTHCTH'!eCKOH 

C}'MM:E.I B cso6o,n;HLIX MO,D;eJIHX CTaTHCTH'!eCKOH <j:>H3HKH: MO,D;eJIH H3HHra, MO,D;eJIH 

,D;HMepOB H MO,D;eJIH faycca. 

• HccJie,n;oBaHHe yn:usepcaJI:E.HOCTH OTHomen:nil: aMIIJIHry.n; B accHMTOTH'!eCKOM 

pa3JIO:>KeHHH cso6o.n;Hoil: SHeprHH H KoppeJIHD;HOHHOH ,n;JIHHl'>I B IfaHHroncKoM 

y.HHBepCaJILHOM KJiacce. 
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• MccJie,n;oBaHHe BJIIDIHHH pa3JIH'IHiiIX rpaHH'IHiiIX ycJIOBHH Ha acHMTOTH'Iecxoe 

rroBe,n;eHHe CBo6o,n;HOH SHeprHH H y,n;eJIIiHOH TeilJIOeMKOCTH B MO,!l;eJIH M3HHra H B 

MO,n;eJIH ,!l;HMepoB. 

• MccJie,n;oBaHHe TO'IHiiIX penreHHH n;eJioro px,n;a Mo,n;eJieli cTaTHCTH'l:ecxoli 

MexaHHKH, B TOM 'IHCJie MOHOMep-,n;HMep MO,!l;eJIH Ha KBa,n;paTOH peIIIeTKe c 

D;HJIHH,!l;pH'l:ecKHMH rpaHH'IHiiIMH yCJioBHHMH H o6o6:m;eHHOH crrHH-3/2 Mo,n;eJIH M3HHra 

Ha)"UIU HOBH3Ha ,n;aHHOH pa6on1 COCTOHT B TOM, 'ITO B Heil: IlOJIYll:eH:&I 

cJie.zi;yroID;He pe3yJIIiTaTiiI: 

• BrrepBiile rroJiyqeH 6ecKOHe'l:HiilH Ha6op YffHBepcaJIIiH:&IX COOTHOIIIeHHH 

aMTimITy,n; B Mo,n;eJIH l13HHra [116,1120,1121,1122,1127,1128]. 

• BrrepB:&1e rroJiyqeHo TO'l:Hoe aCHMITTOTH'l:ecxoe pa3JIO)l(eHHe ,ll;JIH cBo6o,n;Holi 

SHeprHH, BHYlJ>eHHeH SHepr:im H y,n;eJI:&HOH TeilJIOeMKOCTH B MO,n;eJIH M3HHra H B 

Mo,n;eJIH,n;HMepoB. [,M8,119,Ml0,Mll,Ml6,M17,M19,1124,1125]. 

• IloJiy'l:eH:&I HOB:&Ie TO)l(,ll;eCTBa CBH3Ii!BaIOID;He CTaTHCTH'IeCKHe cyMM:&I MO,!l;eJIH 

,!l;HMepoB Ha KBa,n;paTHOH peIIIeTKe rrpH pa3JIH'IHIJIX rpaHH'IHiiIX ycJIOBIDIX [1112]. 

• IloJIYll:eHO TO'IHOe aCHMilTOTH'l:eCKOe pa3JIO)l(eHHe ,!l;JIH corrpOTHBJieHIDI 

Me)l(,D;y ,!l;BYMJI: HaH6oJiee y,n;aJieHHiilMH TO'IKaMH ceTH corrpoTHBJieHHH [1123]. 

• Hali,n;eHO TO'IHOe peIIIeHHe ,!l;JIH MOHOMep-,n;HMep MO,ll;eJIH orrpe,11;eJieHHOH Ha 

KBa.zi;paTHOH penreTKe rrpH D;HJIHH,!l;pH'IeCKHX rpaHH'IHiilX ycJIOBHH H ,ll;JIH o6o6:m;eHHOH 

crrHH-3/2 Mo,n;eJIH M3HHra Ha KBa,11;paTHOH H rexcaroHaJI:&Ho:H pemeTKax [Ml,M2,H26]. 

• IIpe,!l;JIO)l(eHa H TO'IHO pemeHa Ha MamceTeHoBcxo:H pemeTKe MO,ll;eJIIi 

OilHC:&IBaIOID;aH SBOJIIOD;HIO BHpyca H HMMYffHOH CHCTeM:&I [H18]. 

HayWIM H ~ neHHOCTI> 

IIpaKTHqecxax n;eHHOCTh . pa6oTiiI o6ycJIOBJieHa aKTYaJIIiHOCTbIO TeM:&I 

,!l;HCCePTaD;HH. IIpoBe,n;eHHiile B pa60Te TeopeTH'IeCKHe HCCJie,n;oBaHHH H pa3pa60TaHHiiie 

MeTO,!l;:&l MOryT 6:&1Tii Herrocpe,n;cTBeHHO HCilOJIIi30BaH:&I rrpH rrJiaHHpOBaHHH 
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SKcrrepHMeHTOB B pa3JIH'IHii!X o6JiaCTKX ¢H3HKH, TaKHX KaK CTaTHCTH'l:eCKaH ¢H3HKa, 

¢H3HKa TBep,n;oro TeJia, HaHo¢H3HKa, 6Ho¢H3HKa, ¢H3HKa IlOJIHMepoB H T. ,n;. 

0CHOBHiile llOJIO)l(eHllll Br.IHOCHMDle Ha 3~ 

• HccJie,ll;OBaHHe YffHBepcaJI:&HOCTH OTHOIIIeHHH aMilJIHTYA B aCCHMTOTH'IeCKOM 

pa3JIO)l(eHHH cBo6o,n;Holi SHeprHH H xoppeJIHD;HOHHOH ,!l;JIHH:&I B H3HHrOBCKOM 

YffHBepcaJII>HOM KJiacce. 

• BnI'IHCJieHHe KOHe'l:HHX rrorrpaBoK B Mo,n;eJIH H3HHra. IloJIYll:eHHe TO'IHOro 

aCHMilTOTH'IeCKOrO pa3JIO)l(eHIDI ,!l;JIH CB06o,n;HOH SHeprHH H y,n;eJIIiHOH TermoeMKOCTH 

,!l;JIH Mo,n;eJIH H3HHra Ha rrpxMoyroJII>HOH pemeTKe rrpH pa3JIH'l:HbIX rpaHH'IHiiIX 

yCJIOBIDIX, TaKHX KaK, rrepHO,!l;H'l:ecKHe, crrHpaJII>HI>Ie H BpacKaMrr-KYHn; rpaHH'IH:&Ie 

YCJIOBIDI. 

• BiiI'IHCJieHHe KOHe'l:HHX rrorrpaBOK B Mo,n;eJIH ,!l;HMepoB. IIony'IeHHe TO'l:Horo 

aCHMilTOTH'l:eCKOro pa3JIO)l(eHIDI ,!l;JIH CBo6o,n;HOH SHeprHH ,!l;JIH Mo,n;eJIH ,!l;HMepoB Ha 

rrpxMoyroJIIiHOH peIIIeTKe rrpH pa3JIH'IH:&IX rpaHH'IHIJIX ycJIOBIDIX, TaKHX KaK, 

cB060,n;H:o1e, rrepHO,!l;H'l:eCKHe, D;HJIHH,ll;pH'l:ecKHe, JIHCT Me6eyca H 6ynmKH KneliHa. 

• IloJIYll:eHHe HOBIJIX TO)l(,ll;eCTB CBH3IiIBaIOID;HX CTaTHCTH'IeCKHe cyMMbl Mo,n;eJIH 

,!l;HMepoB Ha KBa.zi;paTHOH penreTKe rrpH pa3JIH'IHIJIX rpaHH'IHiilX ycJIOBIDIX. 

• IIpoBe,n;eHO TaK)l(e Bbl'IHCJieHHe KOHe'l:HHX rrorrpaBOK B MO,!l;eJIH pe3HCTopoB H 

IlOJIYll:eHO TO'IHOe aCHMilTOTH'IeCKOe pa3JIO)l(eHHe ,!l;JIH corrpOTHBJieHIDI Me)l(,!l;y ,!l;BYMJI: 

HaH60Jiee y,n;aJieHHiilMH TO'l:KaMH CeTH corrpOTHBJieHHH. 

• MccJie,n;oBaHHe reoMelpHH, TepMO,!l;HHaMHKH H KOHe'IHHX rrorrpaBOK B 

KpHTH'IeCKHX Mo,n;eJIKX IloTca. 

• Tax)l(e ITOJIYll:eHo TO'IHiiie pemeHIDI ,n;JIH n;eJioro px,n;a Mo,n;eJieli 

CTaTHCTH'IeCKOH MexaHHKH, B TOM 'IHCJie MOHOMep-,n;HMep Mo,n;eJIH Ha KBa,n;paTOH 

pemeTKe c D;HJIHH,!l;pH'IeCKHMH rpaHH'IHiilMH ycJIOBHJIMH H o6o6:m;eHHOH CilHH-3/2 

Mo,n;eJIH H3HHra. 
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IJy6JimgmHH. 

IIo TeMe ,n;HccepTan;HH orry6JIHKOBaHO 25 cTaTeii: B pen;eH3HpyeMLIX ~HaJiax H 3 

Te3H3a KOHcpepeHD;HH. 

~ ,lQICCepramm. 

,ll;HCCePTan;IDr COCTOHT H3 BBe,n;eHIDI, IDITH rJiaB, 3aKJIIO'leHHJI H npHJIO)f(eHHH; 

co,n;ep)f(HT 277 CTPaHHD; ne'!aTHOro TeKCTa, BKJIIO'laH 34 p11cyaKa, Ta6JIHD;Y H CIIHCOK 

JIHTepaTypLI H3 263 HaHMeHOBaHHH. 

CO~P)l{Al:IHE P ABOThl 

B fJiue 1 HaMH noJiyqeHi.1 TO'IHLie 3Ha<IeHHH ,ZJ;JIH Ha6opa YffHBepcaJILHLIX 

OTHOIIIeHHli aMIIJIHTY,!1; ,ZJ;JIH ,n;ByimepHoii: (2D) MO,ZJ;eJIH H3HHra Ha peIIIeTKe N x oo, H 

O,ZJ;HOMepHoii: (lD) KBaHTOBOii: MO,ZJ;eJIH IfaHHra, KOTOpaH HBJIHeTCJI KBaHTOBOii: BepcHeii: 

KJiaccH'!ecKoii: 2D Mo,n;eJIH IfaHHra, rrpH pasJIH'!HLIX rpaaH'!HLIX ycJIOBHHX. 

0603Ha'IHM CBo6o,n;ffY!O SHeprHIO Ha CilHH H o6paTHyro KOppeJIHn;HOHffY!O ,!J;JIHHy 

MO,ZJ;eJIH H3HHra Ha peIIIeTKe N x oo KaK f(N) 11 ~-1(N), cooTBeTcTBeHHO, r,n;e f(N) -7 f(oo), 

rrpHN-700. 

B naparpa4Je 1.1, noJiyqeHLI aHaJIHTH'!eCKHe ypaBHeHwr ,ZJ;JIH Koecpcp11n;HeHTOB ak 

H bk B aCHMilTOTH'leCKOM pa3JIO)l(eHHH ,Zl;JIJI CB060,ZJ;HOH SHeprHH H o6paTHOii: 

KOppeJIHn;HOHHOH ,Zl;JIHHe 

oo a 
N(f(N)- f( 00 )) = t; Nz:_, 

00 b 
;-

1
(N) = L Nz~-1 

k=I 

,ZJ;JIH KBa,n;paTHOH, IIIeCTll:YlOJILHOH H TPeyroJILHoli peIIIeTOK, H Hail:,n;eHo, 'ITO 
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(1) 

(2) 



r(k)= bk= 22k -1 
ak 22k-1 _ 1 

(3) 

,ll;JIH BCex :3THX penreTOK, T.e. OTHOllleHHe aMilJIHry,n; Clk/bk HBJIHeTCH 

YffHBepcaJil>HbIM. ,ll;JIH Toro, 'l:T061>1 npoBepHTh, 'l:TO ypaBHeHHe (3) no npe)l(HeMY BepHO 

,n;JIH ,n;pyrHX Mo,n;eJieii: B KJiacce YffHBepcaJI1>HOCTH H3HHra, MI>I H3Y'l:HJIH CJie,n;yrom;yro 

c~ npOCTyIO MO,D;eJII>, a HMeHHO, KBaHTOByro CilHHOByro MO,D;eJII> Ha O,Zl;HOMepHoii: 

penreTKe c N Y3JlaMH c nepHO,Zl;H'l:eCKHMH rpaHH'l:HhIMH ycJIOBHHMH. IloJIY'l:eHl>I 

IlOXO)l(He pa3JIO)l(eHHH ,Zl;JIH KpHTH'l:eCKOH :3HeprHH OCHOBHOro COCTOHHHH Eo H ,Zl;JIH 

KpHTH'l:eCKOrO :3HepreTH'l:eCKOro HHTepBaJia (Ei-Eo ) KBaHTOBOH CilHHOBOH n;enO'l:KH, 

KOTOp1>re, COOTBeTCTBeHHO, HBJIHIOTCH KBaHTOBbIMH aHaJIOraMH CBo6o,n;HOH :3HeprHH H 

o6paTHOH KoppeJIHD;HOHHoii: ,D;JIHHI>I ,n;JIH Mo,n;eJIH H3HHra, 11 o6Hapy)l(eHo, 'l:TO 

OTHOllleHHH aMilJIHry,n; HMeIOT Te )Ke YffHBepcaJil>Hl>Ie 3Ha'l:eHHH. c cpH3H'l:eCKOH TO'l:KH 

3peHHH MO)l(HO IlOHHTh TaKoii: pe3yJI1>TaT, HCilOJil>3YH nepryp6aTHBHYJO KOHcpOpMHYJO 

TeopHIO IlOJIH. 

B naparpacpe 1.2, HaMH rroJiy-qeH1>1 TO'l:Hhle 3Ha'l:eHHH ,D;JIH Ha6opa yHHBepcaJI1>H1>IX 

OTHOnreHHH aMIIJIHry,n; ,Zl;JIH lD ICBaHTOBOH MO,D;eJIH l13HHra, KOTOpaH HBJIHeTCH 

KBaHTOBOH BepcHeii: KJiaCCH'l:eCKOH 2D MO,n;eJIH H3HHra, npH CB060,n;H1>1X H 

aHTHrrepHO,Zl;H'l:eCKHX rpaHH'l:Hl>IX ycJIOBHHX. 

IloJIY'l:eH1>r aHaJIHTH'l:eCKHe ypaBHeHHH ,D;JIH ak 11 bk B paaJio)l(eHHHX, 

npe,n;cTaBJieHHI>IX ypaBHeHHHMH (1) 11 (2), H Hali,n;eHhI YHHBepcaJI1>H1>1e OTHonreHHH 

aMnJI11ry,n; ,Zl;JIH lD KBaHTOBoii: Mo,n;eJIH H31rnra c aHT11nep110,n;11'l:eCKHM rpaHH'l:HhIM 

yCJIOBHeM 

r(k) = bk = (22k -l)B2k -2k 
a 22k-1B 

a 

k 2k 

,!l;JIH CB060,D;Hl>IX 

. b 4k 
r(k) = __!_ = (22k-t -l)B

2
k 

ak 

(4) 

rpaHH'l:HblX ycJIOBHH noJiy-qeHo 

(5) 
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r,n;e B2k - 'l:HCJia BepHyJIJIH. HacKoJI1>Ko HaM H3BecrHo, HHKaKHe npexarne Pf 

apryMeHTl>I, aHaJIHTH'l:eCKHe HJIH n;ucppoBI>Ie pac'l:eTl>I He npe,n;CKa3bIBaJIH 

cy:w;ecTBoBami:e ::!Toro Ha6opa YffHBepCaJil>Hl>IX OTHOllleHHH aMTIJIHT)',Zl;. 

B naparpacpe 1.3, npe,n;cTBBJieH1>1 TO'l:H1>1e pac'l:eTI>r ,n;JIH Ha6opa yH11BepcaJI1>H1>IX 

oTHonreHHH aMTIJIHry,n; ,D;JIH ,n;ByxMepHoii: (2D) Mo,n;eJIH H3HHra Ha penreTKe N x oo co 

cnen;11aJI1>H1>IMH rpaHH'l:HI>IMH ycJIOBHHMH, 113y-qeHmIMH BpacKaMIIOM H KyHn;oM [9]. 

HMH 61>ma paccMOTPeHa penreTKa c 2 N ysJiaMH B HanpaBJieHHH x, H M ysJiaMH B 

HanpaBJieHHH y. fpaHH'l:Hl>Ie ycJIOBHH - nepHO,Zl;H'l:eCKHe B HanpaBJieHHH x, a B 

HanpaBJieHHH y, CilHHl>I npHHHMaIOT 3Ha'l:eHHe (+l) B,!l;OJll> BepXHeH rpaHHIJ;l>I, H HMeIOT 

aJI1>TepHaTHBH1>1e ( + 1 HJIH -1) 3Ha'l:eHHH B,n;OJII> HH)l(Heii: rpaHHD;hl D;HJIHH,n;pa. Bi;mo 

IlOKa3aHO, 'l:TO acHMnTOTH'l:eCKOe IlOBe,n;eHHe CKeHJIHHra KOHe'l:HOro pa3Mepa 

KpHTH'l:ecKoii: ::1Hepr11:11: f(M) Mo,n;eJIH H3HHra Ha 6ecKoHe'l:HO ,Zl;JIHHHOii: JieHTe c 

rpaHmi;e:il: BpacKaMrr-KyHn;a, COBMeCTHMO c npe,n;cKa3aHHeM KOHcpopMHOH TeOpHH IlOJIH 

,D;JIH CMelllaHHhIX rpaHH'l:HblX ycJIOBHii:, XOTH CMemaHHOe rpaHH'l:HOe YCJIOBHe H 

rpaHH'l:HOe ycJIOBHe BpaCKaMn-KyHri;a pa3H1>re Ha o,n;Ho:il: cTopoHe ,D;JIHHHOii: JieHTI>I. 

YH11:BepcaJI1>Hhle OTHomeHHH aMIIJIHry,!l; ,n;JIH 2D Mo,n;eJIH H3HHra Ha pemeTKe N x oo co 

CMelllaHHl>IMH rpaHH'l:Hl>IMH ycJIOBHHMH HMeIOT CJie,n;yrorri;Hii: BH,n;: 

r(k)= bk=- 4k 
ak B 2k 

(6) 

B naparpacpe 1.4, npe,n;craBJieH1>r TO'l:H1>1e pac'l:eT1>r ,D;JIH Ha6opa YHHBepcaJI1>H1>IX 

OTHOnreHHH BMIIJIHry,!l; ,D;JIH Mo,n;eJIH H3HHra c <J?11KcHpOBaHH1>IMH ( +-) rpaHH'l:Hl>IMH 

ycJIOBHHMH. IloJiy-qeHl>I aHaJIHTH'l:eCKHe ypaBHeHHH ,!l;JIH Bk H bk B pa3JIO)l(eHHHX, 

npe,n;CTaBJieHHhIX ypaBHeHHHMH (1) H (2), H Ha:il:,n;eHO, 'l:TO YffHBepcaJil>Hble OTHonreHHH 

aMIIJIHry,!l; bk/Bk HMeIOT CJie,n;yrorri;Hii: BH,n;: 

r(k) =bk = -2k 32k-I -1 (7) 

ak 
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r,n;e B2k (1/2) - IIOJIHHOM BepH}'JIJIH. HaMH 6i;mo rroKa3aHo, 'ITO TaKOe 

y1mBepcaJII>HOe IIOBe,n;eHHe TO'IHO BOCIIpOH3BO,ZJ;HTC.ll rrpH KOHcpOpMHO-IIePT)'p6aTHBHOM 

rro,n;xo,n;e. 

B fnaBe 2, HaMH HCCJie,n;oBaHDI rrorrpaBKH KOHe'IHOro pa3Mepa B Mo,n;eJIH M3HHra. 

Mi;1 IIOJl}"IHJIH TO'IHOe acHMIITOTH'lecKoe pa3JIO)!(eHHe ,ZJ;Jl.ll JiorapH<l>Ma craTHCTH'lecKoii: 

C}'MMDI ,n;JI.11 Mo,n;enH M3HHra rrpx rrepHO,ZJ;H'lecKHX, c1mpaJII>HI>IX H BpacKaMrr-

Kymi;oBCKHX rpaHH'IHI>IX ycJIOBIDIX. 

B rraparpaqie 2.1, CTaTHCTH'leCKa.11 cyMMa ,ZJ;Jl.ll Bcex TPex 6a30BI>IX Mo,n;eJieii: 

CTaTHCTH'leCKOH MexaHHKH (MO,ZJ;eJII> M3HHra, MO,ZJ;eJII> ,ZJ;HMepoB H MO,ZJ;eJII> faycca) 

BDipIDKeHa qepe3 CTaTHCTH'leCKyIO C}'MM}' co CKpyqeHHI>IMH rpaHH'IHI>IMH }'CJIOBH.llMH 

Za.p(µ): 

z;,p(µ) = ITTI 4[sinh2µ+sin2 1l" (n+a) +sin2 1l" (m +ft)] 
n=Dm=O N M 

MDI IIOJl}"IHJIH: ,ZJ;Jl.ll Mo,n;eJIH M3HHra 

Zrsing oc ZH (µ) + zo,t (µ)+ zt.o(µ) + Zo,o(µ) 

,ll;Jl.ll MO,ZJ;eJIH ,ll;HMepoB 

ZDimer oc z;J.(O)+Z~l.(O)+Z1o(O) 
2'2 '2 2' 

H ,ZJ;JI.ll MO,ZJ;eJIH faycca 

ZGauss oc [zo,o (µ) J-l 
,l(aJiee MDI IIOJl}"IHJIH Bee 'IJieH:bI TO'IHOro aCHMIITOTH'leCKoro pa3JIO)KeHH.ll 

JIOrapHcpMDI OT CTaTHCTH'leCKOH C}'MMI>I co CKpyqeHHI>IMH rpaHH'IHI>IMH }'CJIOBH.llMH 
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Za,p(µ). Ham rro,n;xo,n; ocHOBaH Ha TeCHOii: CB.ll3H Me)K,ZJ;}' 'IJieHaMH acHMIITOTH'lecKoro 

pa3JIO)KeHH.ll H TaK Ha3I>IBaeMoro ,n;Boii:Horo p.ll,ll;a KpoHeKepa. 

~4(/1) i' 
lnZ4(M,N) - S .fk'l1< +ht--;;;.:;;-- 'lrfl,£. 

'lvr.1 111=.1 

~ K:,"ffl(P) 
~)I ,.+1 

3,n;eci; s - IIJIOIIJ;a,ZJ;I> peIIIeTKH, p=M/N - COOTHOIIIeHHe reoMeTPH'leCKHX pa3MepoB, 

M H N - 'IHCJIO }'3JIOB B ropH30HTaJII>HOii: H BepTHKaJII>HOii: IIJIOCKOCTJIX, cooTBeTCTBeHHO. 

Thwk - CB060,ZJ;Ha.ll 9HeprH.ll CHCTeMI>I 6ecKOHe'IHOro pa3Mepa, 0a,p(p) - 9JIJIHIITH'leCKa.ll 

TeTa-cp}'HKIJ;H.ll, TJ(p) - 9Ta-cp}'HKIJ;H.ll ,l(e,n;eKHH,n;a, /\:lp - ,n;HcpcpepeHii;HaJII>HI>rii: orrepamp, 

x <+awl - ,n;Boii:Hoii: p.11,n; KpoHeKepa. 

McIIOJII>3}'.ll TO'IHOe Bhlpa)KeHHe ,ll;Jl.ll CTaTHCTH'leCKOH C}'MMI>I H TO'IHOe 

pa3JIO)KeHHe JiorapHcpMb! CTaTHCTH'leCKOH C}'MMI>I co CKpyqeHHDIMH rpaHH'IHI>IMH 

ycJIOBH.llMH Za.p(µ), MI>I IIOJI}''IHJIH Bee 'IJleH:i.r TO'IHOro acHMIITOTH'lecKoro pa3JIO)KeHH.ll 

CB060,ZJ;HOH 9HeprHH (f) Ha Tope ,ll;Jl.ll MO,ZJ;eJIH M3HHra, MO,ZJ;eJIH ,ZJ;HMepOB H MO,ZJ;eJIH 

faycca: 

J = S hulk+ fo(p)+ f fp(p) 
p=l 

B naparpaqie 2.2, MI>I paccMoTpeJIH Mo,n;eJII> M3HHra rrpH rpaHH'IHI>IX }'CJIOBHJIX 

BpacKaMrr-Kymi;a [9]. Mo,n;eJII> M3HHra 6:i.ma TO'IHO peIIIeHa rrpH HeKoTopi;rx rpaHH'IHI>IX 

ycJIOBIDIX. Cpe,n;H HHX - crreii;HaJII>H:i.re rpaHH'IHDie ycJIOBH.ll, paccMoTPeHHDie 

BpacKaMIIOM H K ymi;oM. M:i.1 BI>IBeJIH Bee 'IJieHI>I TO'IHOro acHMIITOTH'lecKoro 

pa3JIO)KeHH.ll ,ZJ;JI.ll CB060,ZJ;HOH 9HeprHH, BH}'TPeHHeii: 9HeprHH H y,n;eJII>HOH TeIIJIOeMKOCTH 

KpHTH'leCKoil: cpeppoMarHHTHOii: Mo,n;eJIH M3HHra Ha M x 2 N KBa,n;paTHoii: pemeTKe c 

rpaHH'IHI>IMH }'CJIOBH.llMH BpacKaMrr-K}'Hii;a. MDI orrpe,n;eJIHJIH, 'ITO 3Ha'leHH.ll KOHe'IHO-

pa3MepHI>IX rrorrpaBOK K CB060,ZJ;HOH 9HeprHH H }',ZJ;eJII>HOH TeIIJIOeMKOCTH .llBJI.lllOTC.ll 

ii;eJII>IMH CTerreH.llMH N-1 (M-1), KpoMe, pa3}'MeeTC.ll, Be,n;yni;ero JiorapHcpMH'lecKoro 'IJieHa 

B }',ll;eJII>HOH TeIIJIOeMKOCTH. 
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IlpH N 700 noJI)"IeHo paano)R:eHHe B p.sr,n; CBo6o,n;Hoii SHeprnH ,n;n.sr 6ecKoHe•rno 

,n;JIHHHOH neHT:&I c rpaHH'l:H:&IMH ycnoBIDIMH BpacKaMn-KYffu;a. Ilony'l:eHH:r.1e HaMH 

pe3yJI:r.TaThI COBMeCTHM:&I c npe,n;cKa3aHHeM KoH¢opMHOH TeopHH IlOJl.sI ,n;JI.sI CMeIIIaHH:&IX 

rpaHH'l:H:&IX ycJIOBHH, c,n;eJiaHH:&IM Cardy, XOTK onpe,n;eneHH.sr rpaHwrn:r.IX ycnoBHH B 

STHX ,n;Byx CnylJ:aKX pasH:&Ie Ha 0,D;HOH CTopoHe ,D;JIHHHOH JieHT:&I. 

B naparpa¢e 2.3, M:&I paccMOTpeJIH Mo,n;eJI:r. lfaHHra npH cnHpan:r.H:r.IX rpaHH'l:H:&IX 

ycJIOBHKX. IlpHMeHK.sI TO'l:Hoe B:r.1p~eHHe ,n;JI.sI craTHCTH'l:ecKoii: CYMM:r.r, nony'l:eHHoe 

Liaw, et al. [10] (Phys. Rev. E 73 (2006) 05510l(R)), M:&I nony'l:HnR TO'l:HOe 

aCHMilTOTH'l:eCKOe pa3JIO)R:eHRe ,n;nK CB06o,n;HOH SHeprHH, BffYTPeHHeli :meprHH H 

y,n;en:&HOH TennoeMKOCTH ,n;JI.sI Mo,n;enH lfaRHra npH cnRpaJII>H:&IX rpaHH'l:H:&IX ycnOBHKX. 

HaMH TaK)R:e nony'l:em1 TO'l:H:&Ie n:r.1pa)R:eHH.sI ,Zl;)IK s¢cpeKTHBHOH KpHTH'l:eCKoli TO'l:KH 

,n;JI.sr Mo,n;eJIH 113RHra co cnHpaJI:&H:&IMH rpaHH'l:H:&IMH ycJIOBH.sIMH. CKeHJIHHr KOHe'l:Horo 

paaMepa ,n;n.sr y,n;eJI:&HOH TenJioeMKOCTH B KOJIH'l:eCTBeHHOM OTHOIIIeHHH 6JIH30K K 

nenR'IHHe, nony'l:eHHOH Ha Tope. Bee nonpaBKR K cKeii:nHHry - aHaJIRTH'l:eCKHe. 

3KcnoHeHTa C,D;BHra, KOTOpa.sr xapaKTepH3YeT CKeHJIHHr s¢¢eKTHBHOH KpHTH'l:eCKOH 

(ncen,n;oKpHTH'l:eCKOH) TO'l:KH, HMeeT 3Ha'l:eHRe A=l ,ZJ;JI.sI BCex 3Ha'l:eHHH KoscpcpHu;HeHTa 

CnHpaJI:&HOCTH d, H paBHa o6paTHOMY 3Ha'l:eHHIO KpHTH'IeCKOH SKCilOHeHT:bl 

KoppeJI.srIJ;HOHHOH ,n;JIHH:&I 1/v =L M:r.r HaIIInH, 'l:TO nonpan1m KOHe'!Horo pasMepa ,n;JI.sI 

cno6o,n;Hoii: sHeprHH, BffYTPeHHeli :meprRH, y,n;en:&Holi TennoeMKOCTH, TPeT:&eii: H 

'l:eTBepTOH npoH3B0,11;H:&IX OT CBo6o,n;HOH sHeprRH MO,ZJ;eJIH B pemaroru;e:H Mepe 3aBHCKT OT 

Kos<J?qmu;HeHTa CilHpaJII>HOCTH pemeTKH. 

Ilony'l:eHH:&Ie HaMH peayn:&TaT:&I noKa3:&1BaIOT, 'ITO MeT0,11;, paapa6oTaHH:&IH HaMH, 

BeCI>Ma noJie3eH ,n;JI.sI B:&l'l:HC)leHH.sI TO'l:H:&IX nonpaBOK KOHe'IHOro paaMepa KpHTR'l:eCKHX 

CHCTeM. IIpe,n;cTaBJI.sieT HHTepec npHMeHeHHe STOro MeTO,n;a ,ZJ;JI.sI B:bl'l:RCJieHH.sI TO'l:H:&IX 

nonpaBOK KOHe'l:HOrO pa3Mepa ,ll;Jl.sI Mo,n;enR H3HHra H ,n;n.sr ,n;pyrHX CBo6o,n;H:&IX MO,ll;eJieH 

Ha pa3JIH'l:H:&IX pemeTKax c pa3)1H'l:H:&IMH rpaHR'l:H:bIMH ycJIOBH.sIMH, TaK, 'l:T06:&I MQ)R:HQ 

6:&IJIO 6:r.1 HaHTH HeKOTOp:&Ie o6xu;He 'IepT:&I TaKHX nonpaBOK KOHe'l:HOro paaMepa. 
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B fJilUle 3, HaMH HCCJie,n;oBaH:&I s<J?cpeKT:&I KOHe'l:HOro pasMepa B MO,n;eJIH ,ll;HMepoB 

npH IlKTH pasH:&IX rpaHH'l:H:bIX ycnoBHKX. 

B naparpa¢e 3.1, M:&I n0.1IYlJ:H.1IH TO'l:Hoe acHMnTOTH'l:ecKoe paaJIO)R:eHRe ,n;JI.sI 

CB06o,n;HOH SHeprHH MO,ll;eJIH ,D;HMepoB Ha np.srMoyron:&HOH pemeTKe npH paaH:&IX 

rpaHH'l:H:&IX ycnoBHKX (nepHO,ll;R'!ecKRe, cno60,n;H:r.1e, n;HJIHH,1J;pH'l:eCKHe, JieHTa Me6eyca 

R 6YT:&rnKa KrreliHa). M:r.r Haxo,n;HM, 'ITO aaBHCHMOCT:& nonpanoK KOHe'!Horo pasMepa OT 

COOTHOIIIeHH.sI reoMeTpH'l:eCKHX pa3MepoB lJ:YBCTBHTeJI:&Ha K rpaHH'l:H:&IM YCJIOBH.sIM H K 

'l:eTHOCTH 'l:HCna yanoB pacnono)R:eHH:&IX B,ll;OJl:b OCH pemeTKR. 

! n •.·luound.u~ 
.. nn~lilin11 

1·,.I111olri1 ;ii l11111nd;or' 

.-.. nrti1i1111 

0 
'\Jn1·l>i11· ... lf'll' J,.1111111.ir~ 

1 UIHfifii,ll 

0 

Tor.,1dal !J1.,1111bn 
n1111hll1111 

0 
h.h·m lo·ofll•· loo11111lar~ 

111111hli.011 

j 
To'IH:&Ie B:&1pa)R:eHH.sI ,n;JI.sr cTaTHCTH'l:ecKoli CYMM:&I Mo,n;eJIH ,n;HMepoB Ha 

np.srMoyroJI:&HOH pemeTKe npH pa3)1H'l:H:&IX rpaHH'IHI>IX ycnOBHKX M:&I B:&Ipa3H)IH 'l:epe3 

cTaTHCTR'l:ecKyro CYMMY co cKpy'IeHH:&IMH rpaHH'l:H:&IMH ycnoBH.sIMH Za.~(µ), r,n;e (ex,~) = 

(1/2,0), (0, 112) H (1/2, 1/2). Ha OCHOBe 3THX B:&rp~eHHH, M:&I Il0)1YlJ:H.1IH HeCKO)l:bKO . 

rpynn HOB:&IX TO)R:,ll;eCTB, KOTOp:&re CB.sI3:&1BaIOT CTBTHCTH'l:eCKRe CYMM:bl MO,ll;enH ,D;HMepoB 

,ll;Jl.sI pa3JIH'l:H:&IX rpaHH'l:H:bIX ycJIOBRH: 
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ZK/ein _ zcy/inder 
4M+2,2N -Zcosh'1Mv) 2M,4N 

zCylinder = sinh(2Mm) (zFree \2 
2M-l,4N+2 [z 2M-l,2N) 

zCylinder _ cosh('1M + i)m) 
2M,4N+2 - [z (

zFrec \2 
2M,2N} 

z Cylinder _ (z Maebius \2 
2M,4N - 2M,2N I 

zcy/inder = .!._ (zMaebius \2 
2M-l,4N 2 2M-l,2N) 

z Torus = .!._ (z Klein )2 
2M-l,4N 2 2M-l,2N 

zMoebius - zMoebius I zKlein 
4M-l,2N - 2M-l,2N'\j 4M,4N 

zCylinder _ zCy/inder zK!ein 
4M-l,2N - 2M-1,2N 4M,2N 

B naparp1l4>e 3.2, M:&I paccMOlpeJIH s<t><l>eKT:&I KOHe'IHOro pa3Mepa ,ll;JUI Mo,11;e;rn 

,ll;HMepoB Ha KOHe'!H:&IX peIIIeTKax co CB060,ll;H:&IMH rpaHH'!H:&IMH ycJIOBHJl:MH (lleHTO'!HaH 

reOMelplili) H c nepHO,ll;H'!eCKHM rpaHH'IH:&IMH ycJIOBlill:MH B O,ll;HOM HanpaBJieHHH 

(u;HJIHH,ll;pH'leCKaH reoMelplill:). Bo BCex CJIY'IWIX M:&I HaIIIJIH, '!TO KOHe'IH:&Ie nonpaBKH 

COBMeCTHMbl c u;emparr:&H:&IM 3apH,ll;OM c=-2. K TaKOMY B:&IBO,ll;y Mbl npHIIIJIH Ha TOM 

OCHOBaHHH, '!TO cym;ecTByeT pa3Hmi;a Me:>K,ll;)' u;empan:&H:&IM 3apH,ll;OM c H 

s<t><t>eKTHBH:&IM u;eHlpaJI:&HLIM 3apH,ll;OM Ceff= c - 24hm1n, KOTOp:&IH Jl:BJIJl:eTCJl: BeJIH'!HHOH, 

3aBHCHni;eii: OT rpaHHIJ;LI. 3Ha'!eHHe c=-2 IIO,ll;TBep,ll;HJioc:& npH B:&I'!HCJieHHH sqicpeKTa 

H3MeHeHHJl: rpaHH'!H:&IX ycJIOBHH. BLrnO Haii:,11;eHo, '!TO B npe,11;eJiax CKeHJIHHra OHO 

COOTBeTcTByeT BHe,11;peHmo nepBH'!HOro rpaHH'!HOrO IIOJIJl: c BeCOM -1/8, HMeroni;ee 

OTHOIIIeHHe K JiorapmpMH'leCKOH KOHcpopMHOH TeopHH IIOJIJl: c C=-2. MLI yclpaHHJIH 

IIJTaHmi;y, cyni;eCTByroni;yro B JIHTepaTYPe, HaC'!eT 3Ha'!eHHH u;eHlpaJI:&Horo 3apH,11;a, 

KOTOpaH B03HHKJia H3-3a HenpaBHJI:&HOH HHTepnpeTaD;HH nonpaBOK KOHe'!HOro pa3Mepa 

CKopee B TepMHHax u;eHlpaJI:&HOro 3apH,11;a, '!eM B TepMHHax s<t><t>eKTHBHOro 

u;eHTpaJI:&Horo 3apH,11;a. IIpe,n;cTaBJieHo TaK)l(e H B3aHMHO-O,ll;H03Ha'!Hoe oTo6pa)l(eHHe 

MO,ll;eJIH ,ll;HMepoB c OCTOBH:&IM ,n;epeBOM H MO,ll;eJIH KJ'!H necKa A6el1Jl: (Abelian sandpile 

model), '!TO II03BOJIHJIO He TOJI:&KO IIpaBHll:&HO IIOHHT:& ,ll;HMepHyIO MO,ll;eJI:&, HO H 

OKa3aJIOC:& O'!eH:& IIOJie3H:&IM ,ll;llll: Bbl'!HCJieHHH 6oJiee TOHKHX sqicpeKTOB, TaKHX, KaK 

H3MeHeHHe rpaHH'!HLIX ycJIOBHH. c IIOMOIIJ;:&IO SToro OTo6pa)l(eHHH, Mbl o6':&Jl:CHHJIH 

IIO'!eMY H3MeHeHHe 'leTHOCTH pa3Mepa peIIIeTKH BLI3:&IBaeT H3MeHeHHe s<t><t>eKTHBHOro 

u;eHlpaJI:&Horo 3apH,n;a, HO He B:&I3LIBaeT M3MeHeHHe caMoro u;eHlpaJI:&Horo 3apH,n;a. 
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) 

) 

1 
) 

B uaparpajie 3.3, HaMH 6:&rnH H3yqeH:&I nonpaBKH KOHe'!Horo paaMepa H 

CKeHJIHHra ,ll;llll: MO,ll;eJIH ,ll;HMepoB Ha lpeyroJILHOH peIIIeTKH c nepHO,ll;H'!eCKHMH 

rpaHH'!H:&IMH ycJIOBHHMH. CHa'!aJia MLI B:&rpa3HJIH TO'!Hyro craTHCTH'!eCKyro CYMMY 

MO,ll;eJIH ,ll;HMepoB Ha lpeyroJI:&HOH peIIIeTKe c nepHO,lJ;H'!eCKHMH rpaHH'!H:&IMH 

ycJIOBHHMH qepe3 cTarncrn'!eCKyro CYMMJ co cKpyqeHHLIMH rpaHH'!H:&IMH ycJIOBHHMH 

Za,p(µ), r,n;e (a,~)= (1/2,0), (0, 1/2) H (1/2, 1/2). 

Ha OCHOBe STHX B:&Ipa)l(eHHH, IIOJIY'leHO TO'!HOe aCHMIITOTH'leCKOe pa3JIO)l(eHHe 

nepBOH H BTopoii: IIpOH3BO,ll;H:&IX JiorapHcpMa CTaTHCTH'leCKOH cyMM:&I MO,ll;eJIH ,ll;HMepoB 

Ha lpeyroJI:&HOH peIIIeTKe B KpHTH'leCKOH TO'!Ke. 3aTeM Mbl HCCJie,ll;OBaJIH CBOHCTBa 

<PYHKD;HH cKeHJIHHra KOHe'!Horo pa3Mepa MO,ll;eJIH ,ll;HMepoB. Haii:,11;eHo, '!TO ,ll;HMepHaH 

MO,ll;eJI:& Ha TpeyroJI:&HOH peIIIeTKe B6JIH3H KpHTH'ieCKOH TO'!KH IIOKa3LIBaeT O'!eH:& 

xopoIIIee CKeHJIHHrOBCKOe IIOBe,n;eHHe, H cpyHKIJ;HH CKeHJIHHra KOHe'!Horo pa3Mepa 

qyBCTBHTeJI:&Hbl K 'leTHOCTH '!HCJia Y3JIOB B,ll;Ollb OCH peIIIeTKH. 

B fJiaBe 4, HaMH HCCJie,ll;OBaH:&I scpcpeKT:&I KOHe'!HOro pa3Mepa B MO,ll;eJIH Ilorrca H 

B ceTKe COIIpOTHBJieHHH. 

B naparpajie 4.1, HaMH 6:&rnH IIOJIY'leH:&I TO'!H:&Ie acHMIITOTH'!eCKHe pa3JIOJKeHlill: 

,ll;JIJl: conpOTHBJieHHH (RMxN(r,s)) MelK,ll;Y ,ll;BYMJI MaKCHMaJl:&HO y,11;aJieHH:&IMH Y3llaMH Ha 

KBa,D;paTHOH M x N ceTKH conpoTHBJieHHH, npH cB060,11;H:&IX, nepHO,ll;H'ieCKHX H 

D;HJIHH,ll;pH'!eCKHX rpaHH'!H:&IX YCJIOBHHX. B:&rno IIOKa3aHO, '!TO TO'!HOe 

acHMIITOTH'!ecKoe pa3JIO)l(eHHe ,ll;lIH conpornBJieHHH Me)l(,ll;y y3JiaMH ceTKH npH Bcex 

rpaHH'!HbIX ycJIOBHJl:X MOlKHO npe,ll;CTaBHT:& B CJie,D;yicni;eM BH,zi;e: -;Jt~r'":r) =c{p)Ins+eo<P.tl + l:'-CP#O 
Fl 

r,n;e p = r/s, S = M N - 1rnoni;a,n;:& peIIIeTKH, H ~= MIN - cooTHoIIIeHHe 

reoMelpH'!eCKHX pa3MepoB. B STOM pa3JIOJKeHHH, Bee KOScp<jJHu;HeHT:&I B:&Ipa)!(eH:&I B 

BH,ll;e aHaJIHTH'leCKHX cpJHKu;Hii:. B:&r'IHCJieHHe acHMIITOTH'lecKoro pa3JIOJKeHHH 
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conpoTHBJI€HHJ[ M€11Qzy MaKCHMaJI:&HO y,n;aJieHH:&IMH }'3mlMH KBa,llpaTIIOH ceTH 

conpoTHBJieHHH rrpe,n;cTaBIDieT 3Ha'!HTeJI:&H:&Iii: HHTepec, TaK KaK ero 3Ha'ieHHe 3a,n;aeT 

HH)!(HIQIO rpaHm:i;y corrpoTHBJieHIDI KOMIIaKTH:&IX rrepKoIDin;HOHH:&IX KJiaCTepoB B 

MO,ZJ;eJIH rrp.IIMOH rrepKoIDin;HH ,ll;oMaHR-l<HH3eJia (Dornany-Kinzel). 

B naparpaq,e 4.2, M:&I paccMOTPeJIH rrepKoJIJin;HOHHyID Mo,n;eJI:& c q-

KOMIIOHeHTH:&IMH KoppeJrnpyeM:&IMH pe6paMH Ha IIJIOCKHX pemeTKax G c N }'3JiaMH H E 

pe6paMH, KOTOpaH JIBIDieTCJI 3KBHBaJieHTOM q-KOMIIOHeHTHo:il: MO,ZJ;eJIH IloTTca Ha G; 

'IHCJia pe6ep H KJiacTepoB rrop;rpa<t>a G' rpacpa G o6o3Ha'!eH:&I NbCG'l H NcCG1, 

COOTBeTCTBeHHO. B rrepKOJIJin;HOHHOH MO,ZJ;€JIH c q-KOMIIOHeHTH:&IMH Koppe!IHpyeM:&IMH 

pe6paMH, TaK:lKe KaK H B o6:&1'iHOH rrepKoIDin;HH, B03HHKaeT ecrecTBeHH:&IH HHTepec K 

reoMeTpH'IeCKHM cBo:licTBaM, TaKHM, KaK, HarrpRMep, 'iHCJIO KJiacTepoB. Op;HaKo, 

TepMO,ZJ;HHaMHKa CHCTeM:&I HeTpHBHaJl:&Ha, 'ITO rro6y)!(,llaeT HCCJiep;oBaHHe CBJI3e:il: MeJIQzy 

reoMeTpHe:il: H TepMaJI:&H:&IM IIOBe,n;eHHeM. M:i.1 paccMOTPeJIH 3TOT Borrpoc HCC!Iep;y.II 

YffHBepcaJI:&HOe IIOBep;eHHe rronpaBOK KOH€'IH:&IX pasMepoB (IIKP). c IIOMOIIV>IO TO'IH:&IX 

B:&I'IHCJieHH:il: M:&I rroKa3aJIH, 'ITO rrpH q * 1, IIKP ,D;JI.II <Ne> HaxO,D;HTCJI B JIHHe:il:Ho:il: 

3aBHCHMOCTH OT IIKP AIDI <Nb>, T.e. y,n;HBHTeJI:&H:&IM o6pa30M, 'IHCJIO KJiacTepoB HMeeT 

3Heprorrop;o6HYIO CHHryIDipHOCT:&. 3TO B KOpHe OTJIH'iaeTC.II OT CJIY'Ia.II c q=l, KOTOp:&r:il: 

3KBHBaJieHTeH rrepKoIDin;HH co C!IY'JaHH:&IMH pe6paMH. "lJ:HCJieHHoe Mop;e!IHpoBaHHe, 

TeOpIDl CKe:il:JIHHra ,ll;IDI 6ecKOH€'IHI>IX CHCTeM, H aprYMeHT:&I CKeHJIHHra KOHe'IH:&IX 

pa3MepoB IIO,ZJ;TBep)!(,llaIOT 3TOT B:&IBO,ZJ;. IlocJiep;Hee TaK)Ke 03Ha'iaeT, 'ITO B <Nb> 

OTcyTCTByeT IIOCTO.IIHH:&rH 'iJieH KOHe'IHOro pasMepa B KpHTH'IeCKOH TO'!Ke, 'ITO 

O,ll;H03Ha'IHO 6:&IJIO HaMH IIO,ll;TBep)!(,lleHO ,D;JIJ{ MO,D;eJIH M3HHra Ha KBa,n;paTHOH pemeTKe. 

M:&r TaK:lKe HaIIIJIH, 'ITO IIKP ,D;IDI <Nc+g Nb> H ero B:&ICIIIHX KYMYIDIHTOB (g = 1/2 ,ll;IDI 

KBap;paTHOH peIIIeTKH) paCXO,ll;HTC.II npH q ~ 4, 'ITO MO)l(HO IIpHIIHCaT:& K B03HHKHOBeHHIO 

JiorapHcpMH'IeCKHX rronpaBOK B MYJII>THKpHTH'IeCKOH TO'iKe, H 3TO TaK)!(e IIOHJITHO H3 

TeOpHH peHopM-rpyrrrr:&I. 
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B fJiaBe 5, M:&I TO'IHO pemHJIH HeK0Top:i.1e Mop;eJIH ,ZJ;ByxMepHo:il: cTaTHCTH'IecKo:il: 

MexaHHKH, TaKHe KaK MO,D;eJI:& MOHOMep-,D;HMep Ha n;HJIHH,Zl;pH'ieCKOH pemeTKe c O,ZJ;HHM 

MOHOMepoM Ha rpaHHn;e, o6o6:w;eHHaJI CIIHH-3/2 Mo,n;eJI:& M3HHra, o6:w;aJI Z( 4) 

KaJIH6poBO'iHaJI MO,ZJ;eJI:& IloTTca c e,n;HHH'iH:&IM H ,ZJ;BOHH:&IM IIJiaKeTH:&IM 

rrpe,n;cTaBJieHHeM ,n;e:liCTBHJI' a TaK:lKe M:&I rrpe,n;JIO)l(HJIH H TO'IHO peIIIHJIH Ha 

crren;HaJI:&Holi: pemeTKe (pemeTKa MaHXeTTeHa) Mo,n;eJI:& BHpyCHo:il: rrorryJIJin;HH c 

pacnpe,n;eJieHHeM c O,ZJ;HHM MaKCHMYMOM, KOTOpaH pa3BHBaeTCJI B npHcyTCTBHH 

a,n;anTHBHOH HMMYffHOH CHCTeM:&I. 3ry MO,D;eJI:& M:&I Ha3BaJIH MO,ZJ;eJI:&IO pe!IaKCHpyIDID;HX 

caMOH36eraio:w;HX 6ey)!(,llaHHH (PCMB). 

B naparpaq,e 5.1, M:&I paccMOTpeJIH rrpocTyio rrpHMoyroJI:&HYIO pemerey L, 

KOTOpaH cocToHT H3 N pH,n;oB H M KOJIOHH, c nepHO,ZJ;H'ieCKHMH rpaHH'iH:&IMH 

YCJIOBHJlMH B ropH30HTaJII>HOM HanpaBJieHHH. ,ll;JIJI He'ieTH:&IX MN, a 3Ha'iHT H ,ZJ;JIJI 

He'!eTH:&IX M H N, pemeTKa He JIBJIJieTCJI ,n;Byp;oJI:&Ho:il:. 0,ZJ;HaKo, pemeTKa MO)!(eT 6:&rr:& 

IIOKp:&ITa O,ZJ;HHM MOHOMepoM H (MN-1)/2 ,ZJ;HMepaMH. M:&r paCCMOTPeJIH npo6JieMy 

on;eHKH ee rrpoH3BO,ll;Jl:w;e:il: <l>YHKn;HH, Kor,n;a e,n;HHH'iH:&IH MOHOMep HaxO,ZJ;HTC.II Ha 

rpaHmi;e. IIpoH3BO,ZJ;JI:w;yro <l>YHKn;HIO G(x,y) MO)l(HO 3aIIHCaT:& B BH,n;e 

G(x,,y) = 2: :r;"1. T"' 
tt.tmfig 

r,n;e CYMMHPOBaHHe IIpOH3BO,ZJ;HTC.II no BCeM MOHOMep-,D;HMepH:&IM 

KOHcpHrypan;HJlM c e,ZJ;HHH'iH:&IM MOHOMepoM Ha O,ZJ;HOH H3 ,ll;Byx rpaHHIJ;, X>O H y>O - Beca 

ropH30HTaJI:&H:&IX H BepTHKaJI:&H:&IX ,ZJ;HMepoB, COOTBeTCTBeHHO, H Ill H m - 'IHCJIO 

ropH30HTaJI:&H:&IX H BepTHKaJI:&H:&IX ,ZJ;HMepoB npH ycJIOBHH Ill+ m = (MN-1)/2. 

M:i.r IIOJIY'IHJIH cJie,n;yro:w;ee TO'iHoe B:&rpa)KeHHe ,n;IDI npoH3Bo,D;H:w;e:il: cpYffKD;HH 

G(x,y): 

ilf~llf-1 
TT nn( 11.'IB lmr_\ 

s~,,> • •z•llli~ . . ~.m17 +~··a+ ii 
m•s.-a 
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TaKHM o6pa3oM, IIOJI)"ieHo BLipa>R:eHHe B 3aMKH}'TOM BH,n;e ,n;JIJl p;HMep­

MOHOMepHoi!: rrpOH3BO,lVlm;ei!: cp)'HK~HH ,lVIj{ MOHOMep-,n;HMep Mo,n;eJIH Ha KBaApaTHOH 

pemeTKH rrpH ~HJIHHAPHqecKHX rpaimqHLIX yCJioBIDIX c e,n;HHHqHI>IM MOHOMepoM Ha 

rpaHH~e. 3aTeM rrpoH3Be,n;eH aHaJIH3 KOHe•rnoro pa3Mepa ,li;JIJ[ MOHOMep-,zi;HMep MOp;eJIH 

rrpH cBo6oAffLIX H ~HJIHHAPH'<!eCKHX rpaHH'IHLIX. Hai!:,zi;eHo, 'ITO rrorrpaBKH KOHe'IHoro 

pa3Mepa HMeIOT Heo6LI'IHOe IIOBep;eHHe, qTO MDI IIOJIHOCTLIO 06'LJICHHJIH B paMKax C=-2 

JiorapHcj:>MHqecKOH KOHcj:>opMHOH TeopHH IIOJIJ[. 

B rraparpa4Je 5.2, rrpe,lVIO>R:eHa Mop;eJIL BnpycHoi!: rrorryJlJ[~HH c pacrrpe,zi;eJieHHeM 

c O,!J;HHM MaKCHMYMOM, KOTopag pa3BHBaeTcg B rrpHcyTCTBHH a,zi;arrTHBHOH HMM)'HHOH 

CHCTeMLI. Mop;eJIL, Ha3BaHHag MOp;eJILIO peJiaKCHpyrom;HX CaMOH36erarom;HX 

6Jiy>R:p;aHHH (PC:l1B), xOTg H 6y'AY'IH yrrpom;eHHOH, Bee em;e coxpaHgeT OCHOBHLie 

CBOHCTBa o6m;ei!: CHCTeMLI. 

Ramy MO,!J;eJIL MO)!(HO orrHcan CJieAYIOm;HM o6pa3oM: rrpH 3a,zi;aHHOM rpacj:>e G, 

BepIIIHHLI KOTOporo rrpe,n;cTaBJigIQT H3 cefor B03MO)!(HLie COCTQj{Hlij{ BHpycHOH 

rrorryJrn~HH, IIHKH pacrrpe,zi;eJieHHj{ BHpycoB B 3aAaHHLIH MOMeHT ,!J;HCKpeTHOro BpeMeHH 

MLI acco~nnpyeM c pacrroJio>R:eHHeM cJiyqai!:Ho 6ny>R:Aarom;ero cy6'LeKTa y ,zi;aHHoro 

yaJia. AKTHBHOCTL HMMYffHOH CHCTeMLI B rrepBLIH MOMeHT BpeMeHH OIIHCLIBaeTcg 

Ha6opoM cJiyqaHHLIX 'IHCeJI, O,!J;HOPO'AffO pacrrpe,zi;eJieHHLIX Ha KaKOM-HH6y,zi;y, 

HHTepBane. HaquHag ,!J;BH)!(eHne, cnyqai!:Ho 6ny>R:Aarom;Hi!: cy6"LeKT H3 6JIH>R:aHIIIHX 

cocep;HHX Y3JIOB BLI6HpaeT TOT yaeJI, r,zi;e aKTHBHOCTL HMMYffHOH CHCTeMLI 

MHHHMaJILHag, H rrpLrraeT ry,zi;a. B HaqaJILHOM rrepno,zi;e BpeMeHH, ,!J;BH>R:eHHe 

6ny>R:p;arom;ero cy61'eKTa COBepIIIeHHO CJIY'laHHOe. B CJieAYIOm;eM rrepno,zi;e BpeMeHH, 

rrogBJigeTcg 6oJILIIIee KOJIH'leCTBO paHee rrocem;eHHLIX Y3JIOB cpe,zi;n 6JIH>R:aHIIIHX 

coce,zi;e:il: K~oro yaJia. l1crroJIL3yg rrpaBHJIO MOHOTOHHOro YMeHLIIIeHHg aKTHBHOCTH, 

CJIY'laHHO 6ny)!(,zi;arom;ni!: cy61'eKT BLI6npaeT yaen, rrocem;eHHLIH B CaMLrH paHHHH 

MOMeHT BpeMeHH. B ::!TOM rrepno,zi;e BpeMeHH, p;BH>R:eHne 6JIY>R:Aarom;ero cy6J.eKTa 

CTaHOBHTCj{ 6oJiee ,zi;eTepMHHHpOBaHHLIM, T.K. IIOBLIIIIaeTcg KOH~eHTPa~ng rrocem;eHHLIX 
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yaJioB. Ha rrocJiep;Hei!: cTa,n;HH 3BOJIIO~HH, Kor,zi;a Bee Y3JILI B rpacj:>e y>R:e 6LmH rrocem;eHLI 

IIO Kpai!:Hei!: Mepe O,li;HH pa3, ,!J;BH>R:eHHe CTaHOBHTCj{ 'IHCTO ,zi;eTepMHHHpOBaHHLIM. 

IloKa3aHo, '<ITO ,!J;BH>R:eHHe 6JIY>R:,zi;aIOm;ero cy6"LeKTa, Ha IIOCJiep;Hei!: CTap;HH 

CXO,!J;liTCj{ aCHMIITOTHqecKH B ~HKJI, KOTOpLri!: rrpoxo,n;HT IIO BCeM Y3JlaM rpacj:>a H HMeeT 

CBOHCTBa ,li;JIHHHOMaCIIITa6HLIX KoppeJIJl~HH. PaccMaTPHBag KOHKpeTHLIH rpacj:> (peIIIeTKa 

MaHX::iTTeHa), MLI ,zi;oKa3aJIH, 'ITO rrpe,zi;eJILHLrH ~HKJI rrpe,zi;cTaBJigeT co6oi!: 

raMHJILTOHOBCKoe 6ny>R:AaHHe, T.e. j{BJIJleTcg 3aMKHyTOH TPaeKTopne:il:, KOTopag o6xo,zi;HT 

Bee Y3JILI rpacj:>a TO'IHO IIO 0,!J;HOMY pa3y. 3JieMeHTLI raMHJILTOHOBCKOro 6JIY)!(,!J;aliHg 

rrpe,zi;cTaBJIJ[IOT H3 ce6g CHJILHO KoppeJIHpOBaHHLie 06'.&eKTLI. ,[(JIHHHOMaCIIITa6HLie 

Koppen~nn Ha TPaeKTopnn 6JIY>R:,!J;aHHg op;HoBpeMeHHO 03HaqaroT Te )Ke Koppeng~nn B 

OKpy)Karom;ei!: cpe,zi;e, a HMeHHO, KoppeJlJ[~lij{ aKTHBHOCTH HMM)'HHOH CHCTeMLI B ,zi;Byx 

yaJiax, pa3p;eJieHHLIX 3BKJIH,!J;OBLIM paccTOj!HHeM r, YMeHLIIIaeTcg rro cTerreHHOMy 3aKOHY 

r. 

B1>16op pemeTKH MaHx::iTTeHa rro3BOJIHJI HaM n36e>R:aTL rrpn6JIH)l(eHHLIX o~eHoK 

KoppeJI~HOHHLIX 4>YHK~HH H CTporo ,!J;OKa3aTL HaJinqne ,1VIHHHOMaCIIITa6HLIX 

Koppeng~ni!:. 11crroJIL3yg rrpHH~HII )'HHBepcaJILHOCTH, CJie,zi;yeT O>R:Hp;aTL aHaJiornqHoe 

IIOBep;eHHe Ha JII06LIX pemeTKax ,!J;ByxMepHOH pa3MepHOCTH. 

B naparpacj:>e 5.3, TO'IHO pemeHa o6o6m;eHHag CIIHH-3/2 MOp;eJIL 113HHra Ha 

rrpgMoyrOJILHOH H IIIeCTHyrOJILHOH peIIIeTKax B rro,zi;rrpocTPaHCTBe 'leTLipexMepHoro 

rrpocTPaHCTBa rro KOHCTaHTaM B3aHMop;ei!:cTBHj{ J, K, L n M. 

06o6m;eHHag CIIHH-3/2 MO,!J;eJIL l13HHra co B3aHMO,li;eHCTBHeM Me)l(,zi;y 

6JIH)!(aHIIIHMH COCe,lVIMH H BBepx-BHH3 CHMMe'rpHeH, OIIHCLIBaeTcg CJieAYIOm;HM 

raMHJILTOHHaHOM: 

-/Ill• r {t.r,s:, + KsfsJ + uf sf+ ~(&'"'1+Sf.SJ)}-6 I: s,2 
CJ> ' 

r,zi;e S; = ±1/2,±3/2 - CIIHH Ha y3Jie i, a <ij> o6o3Ha'laeT cyMMHpoBaHHe rro rrapaM 

6JIH)l(aHIIIHX cocep;HHX Y3JIOB. 
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,ll;IDI o6o6rn;eHHOH CIIHH-3/2 MO,D;eJIH ll3HHra Ha meCTH)'I'OiILHOH pemerKe, 

Ha:H,n;eHO TO'IHOe 3Ha<reHHe CTaTHCTH'IeCKOH C)7MMLI B IIpOCTPaHCTBe, CTJIH)'TOro IIO 

KOHcTaHTaM B3aHMo,n;eikTBHH J, K, L H M. Ilonyq:eHo TO<rHoe BLrpIDKeHHe 

KBa,n;pynoJILHoro napaMeTPa nopH,n;Ka. IloKa3aHO, 'ITO napaM~ nop.11,n;Ka o6Lr<IHO 

Haxo,n;HTCJI B npocro:H CTeneHHOH 3aBHCHMOCTH OTT-Tc B6JIH3H Tc. 

BLDIO IIOKa3aHO, '!TO o6o6rn;eHHaH CIIHH-3/2 MO,D;eJIL ll3HHra Ha KBa,n;paTHOH 

pemeTKe, OIIHCaHHaH c IIOMOID;LIO caMoro o6rn;ero raMHiILTOHHaHa c BBepx-BHH3 

CHMMeTpHeH, MO)l(HO IIpHBeCTH K BOCLMHBepllIHHHOH MO,D;eJIH Ha IIOBepXHOCTH B 

napaM~H'ieCKOM npocTPaHcTBe, CTJIH)'TOro no KOHCTaHTaM B3aHMo,n;eii:cTBHH J, K, L H 

M. IloKa3aHO, 'ITO STa MO,D;eJIL JlBIDleTCJl SKBHBaJieHTOM TO'iHO pemaeMOH cl>epMHOHHOH 

Mo,n;eJIH B,ll;OiIL ,n;Byx JIHHHH B napaMeTPn<reCKOM npOCTPaHCTBe. Cne,n;oBaTeJILHo, TO'iHO 

onpe,n;eJieHLI KpHTH'IeCKOe IIOBe,n;eHHe, H, B <raCTHOCTH, KpHTH'ieCKaH TeMIIeparypa ,D;JIH 

¢a30BDIX nepexo,n;oB BToporo nop.11,n;Ka B Mo,n;enH. 

B naparpac)>e 5.4, Haii:,n;eHo TO'iHOe pemeHHe ,n;nH o6rn;eii: Z( 4) KanH6poBo<rHoii: 

MO,D;eJIH IloTTca c e,n;HHH'iHLIM H ,ll;BOHHDIM IIJiaKeTHDIM npe,n;cTaBJieHHeM ,n;eii:CTBHJl Ha 

no,n;npOCTPaHCTBe napaMeTPOB KaJIH6poBO'iHLIX B3aHMO,D;eHCTBHH Ha KBa,n;paTHOH H 

TPeyroJILHoii: pemeTKax. Haii:,n;eHLI ,n;Be ll3HHro-no,n;o6HLre JIHHHH qia3oBoro nepexo,n;a 

BToporo nopa,D;Ka ,ll;JIJI MO,D;eJIH Ha KBa,n;paTHOH pellieTKe. ,ll;IDI MO,D;eJIH Ha TpeyroJILHOH 

pemeTKe, 6LmH Haii:,n;eHLI ,D;Be KpHTn<reCKHe noBepXHOCTH T1ma vfanHra H ,n;Be 

HeTPHBHaJILHLie iIHHHH qia3oBoro nepexo,n;a BTOporo nopH,11;Ka, KpHTH'ieCKOe IIOBe,n;eHHe 

KOTOpLIX OTiIH'IaeTCJI OT HX KpHTH'IeCKoro IIOBe,n;eHHJI Ha KpHTH'IeCKOH IIOBepXHOCTH. 

IloKa3aHo, 'ITO ,D;ByxMepHaH (2D) o6rn;aH Z(4) KaJIH6poBO'IHaH Mo,n;eJIL IlOTTca c 

e,n;HHH'iHLIM H ,ll;BOHHLIM IIJiaKeTHLIM npe,n;CTaBJieHHeM ,n;eii:CTBHJI H 2D MO,D;eJIL I13HHra 

co CIIHHOM -3/2, OTHOCJITCJI K O,ll;HOMY H TOMY )Ke KJiaccy }'HHBepcanLHOCTH. 
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BhlBO,ll;bI 

• ,ll;IDI Mo,n;eJieii: B I13HHroBCKOM YHHBepcanLHOM KJiacce MLI OTKPLDIH HOBLIH 

Ha6op (6ecKOHe'IHDiii:) }'HHBepcaJILHLIX COOTHOIIIeHHii: aMIIJIH"r}',11; H IIOKa3aJIH 'ITO HX 

3Ha<reHHJI 3aBHCJIT TOiILKO OT rpaHH'IHLIX ycJIOBHH. MDI noKa3anH, 'ITO TaKaH 

3aBHCHMOCTL MO:>KeT 6LITL 06.11cHeHa B paMKax KOHci>OpMHOH TeopHH IIOIDI. 

• MDI npHBeiIH CHCTeMaTH'IeCKHH MeT0,11; pacqera KOHe'iHLIX nonpaBOK K 

CTaTHCTH'IeCKOH cyMMe H ero npOH3BO,ll;HLIX B MO,D;eJIH I13HHra, MO,D;eJIH ,ll;HMepoB H 

MO,D;eJIH faycca Ha Tope. Ham IIO,ll;X0,11; OCHOBaH Ha TeCHOH CBH3H Me:>K,n;y 'IJieHaMH 

acnMIITOTH<recKoro pa3no:>KeHHH H TaK Ha3LrBaeMLre ,n;Boii:HLIMH cepHHMH KpoHeKepa, 

KOTOpLie Henocpe,n;cTBeHHO CBJl3aHLI c SJIJIHIITH'IeCKHX ¢YHKIJ;H.llMH. 

• MLI BLipa3HJIH CTaTHCTH'ieCKyIO cyMMY MO,D;eJIH ,ll;HMepoB Ha KOHe'iHOH 

IIp.llMOyrOJILHOH pemeTKe IIpH IIJITH pa3JIH'IHLIX rpaHH'iHLIX ycJIOBHJIX (cBo6o,n;HLie, 

n;nnnH,n;pn<recKne, Top, Me6eyc JIHCT n 6)'TLIJIKa Kneii:Ha) <repe3 cTaTHCTH'ieCKyIO 

cyMMY C Kpy<reHHLIMH rpaHH'iHDIMH YCJIOBHJIMH Za.~ IIpH (cx,~)=(0,0), (0,1/2),(1/2,0) H 

(112,1/2). I1cIIOJIL3YJI TaKoe npe,n;cTaBJieHHe MLI CMOriIH IIOJiy<IHTL TO'IHOe 

aCHMIITOTH'IeCKOe pa3JIO:>KeHHe ,ll;IDI CB060,D;HOH SHeprHH B MO,D;eJIH ,ll;HMepoB ,ll;IDI BCex 

BDimenepe<rHCJieHHLIX rpaHH'iHLIX ycJIOBHH. MLI TaIOKe IIOiiy<IHiIH HOBDie TO)l(,ll;eCTBa 

CBJl3LIBaIOin;He CTaTHCTH'IeCKHe C)7MMLI ,ll;IDI MO,D;eiIH ,ll;HMepoB npn pa3HLIX rpaHH'iHLIX 

ycJIOBHJIX. 

• MLI TO'IHO pellIHJIH MOHOMep-,n;HMep npo6JieMY Ha npoCTOH np.11MoyroJILHOH 

pemeTKe c IJ;HJIHH,ll;pH<reCKHMH rpaHH'iHLIMH ycJIOBHJIMH, c MOHOMepoM Ha rpaHHn;e 

pel!IeTKH. 

• MLr npe,n;no:>KHJIH H TO'IHO pemHJIH Ha cnen;HaJILHoii: pemeTKe (pemeTKa 

MaHXeTeHa) pemeTO'IHYIO MO,D;eJIL ,ll;IDI OIIHCaHHJI CHCTeMLI COCTO.llrn;yIO H3 IIOIIYJIJID;HH 

BHpyca H HMM}'HHOH CHCTeMLI. 

• Haii:,D;eHO TO'iHOe pemeHHe ,ll;iIJI o6o6rn;eHHOH CIIHH-3/2 MO,D;eiIH J.:fa:1mra Ha 

KBa,n;paTHOH H reKCarOHaJILHOH pemeTKax. 

23 



JluTeparypa 

1. M. N. Barber, in Phase Transitions and Critical Phenomena, edited by C. Domb 

and J. L. Lebowitz (Academic, New York, 1983), Vol. 8, p. 497. 

2. M. Campostrini, et. al., Theoretical estimates of the critical exponents of the 

superfluid transition in 4He by lattice methods, Phys. Rev. B 74 (2006) p. 144506 (18 

pages). 

3. JPL Fundamental Physics in Space: 

http://funphysics.jpl.nasa.gov/technical/ltcmp/ltcmp-space.html 

4. Finite-size Scaling and Numerical Simulation of Statistical Systems, edited by 

V. Privman (World Scientific, Singapore, 1990) p. 518. 

5. F .. M. Gasparini, M.O. Kimball, and K.P. Moonay, The superfluid transition 

of 4He, a test case for finite-size scaling at a second-order phase transition, J. Phys.: 

Cond. Matt. 13 (2001) p. 4871-4890. 

6. D. Murphy, et. al., Finite-Size Scaling and Universality of the Thermal 

Resistivity ofLiquid 4He near TA, Phys. Rev. Lett. 90 (2003) p. 025301 (4 pages) 

7. M. Barmatz, I. Hahn, J. A. Lipa, R. V. Duncan, Critical phenomena in 

microgravity: Past, present, and future, Rev. Mod. Phys. 79 (2007) p. 1-52. 

8. H. Eugene Stanley, Scaling, universality, and renormalization: three pillars of 

modem critical phenomena, Rev. Mod. Phys. 71 (1999) p. S358-S366. 

9. H. J. Brascamp and H. Kunz, Zeroes of the partition function for the Ising 

model in the complex temperature plane, J. Math. Phys. 15 (1974) p. 65-66. 

10. T. W. Liaw, M. C. Huang, Y. L. Chou, S. C. Lin, and F. Y. Li, Partition 

functions and finite-size scalings of Ising model on helical tori, Phys. Rev. E 73 (2006) p. 

055101(R) (4pages). 

24 

0CHOBHoe cop;ep>IaUme ,ll;HCCePT~H OTpa>I<eHO B CJiep;yIO~ ny6~ 

Ml. N.Sh. Izmailian and N.S. Ananikian, General spin-3/2 Ising model in a 

honeycomb lattice: exactly solvable case, Phys. Rev. B 50 (1994) p. 6829-6832. 

H2. N.Sh. Izmailian, A spin-3/2 Ising model on a square lattice, JETP Lett. 63 

(1996) p. 290-295. 

H3. N.S. Ananikian, R.G. Ghulghazaryan, N.Sh. Izmailian and R. Shcherbakov, 

Exact solution of a Z(4) gauge Potts model on planar lattices, Phys. Rev. E 60 (1999) p. 

5106-5110. 

H4. Chin-Kun Hu, Jau-Ann Chen, N.Sh. IzmaiHan and P. Kleban, Geometry, 

thermodynamics and finite-size corrections in the critical Potts model, Phys. Rev. E 60 

(1999) p. 6491-6495. 

HS. Chin-Kun Hu, Jau-Ann Chen, N.Sh. Izmailian and P. Kleban, Recent 

developments in Monte Carlo approach to percolation problem, Comput. Phys. 

Commun. 126 (2000) p. 77-81. 

H6. N.Sh. Izmailian and Chin-Kun Hu, Exact universal amplitude ratios for two­

dimensional Ising model and a quantum spin chain, Phys. Rev. Lett. 86 (2001) p. 5160-

5163. 

H7. N.Sh. lzmailian, Exact finite-size corrections for lattice model, Book of 

abstract of the 2nd APCTP and 6th Taiwan International Symposium on Statistical 

Physics, (26 May - 1 June, 2002, Taipei, Taiwan), p. 43. 

MB. N.Sh. Izmailian and Chin-Kun Hu, Exact amplitude ratio and finite-size 

corrections for the M x N square lattice Ising model, Phys. Rev. E 65 (2002) p. 036103 

(10 pages). 

H9. N.Sh. Izmailian, K. B. Oganesyan and Chin-Kun Hu, Exact finite-size 

corrections for the square lattice Ising model with Brascamp-Kunz boundary conditions, 

Phys. Rev. E 65 (2002) p. 056132 (11 pages). 

25 



MIO. E.V. Ivashkevich, N.Sh. Izmaflian and Chin-Kun Hu, Kronecker's double 

series and exact asymptotic expansion for free models of statistical mechanics on torus, J. 

Phys. A 35 (2002) p. 5543-5561. 

MIL Ming-Chya Wu, Chin-Kun Hu and N.Sh. lzmailian, Universal finite-size 

scaling functions with exact non-universal metric factors, Phys. Rev. E 67 (2003) p. 

065103(R) (4 pages). 

MI2. N.Sh. Izmailian, K. B. Oganesyan and Chin-Kun Hu, Exact finite-size 

corrections of the free energy for square lattice dimer model under different boundary 

conditions, Phys. Rev. E 67 (2003) p. 066114 (14 pages). 

MI3. N.Sh. Izmailian, Finite size corrections for the dimer model, Book of 

abstract of the 22nd International Conference on Statistical Physics, (4-9 July 2004, 

Bangalore, India), p. 43. htt;p://www.physics.iisc.ernet.inrstat;phys22/ 

MI4. N.Sh. Izmailian, Boundary effects in the dimer model and logarithmic CFT 

predictions, Book of abstract of the 2005 Taiwan Summer Symposium on Statistical and 

Nonlinear Physics, (31July 6 August, 2005, Taipei, Taiwan), p. 67. 

http://www.phys.sinica.edu. twr statphys/activities/conference/2005/ 

MIS. N.Sh. Izmailian, V.B. Priezzhev, Philippe Ruelle and Chin-Kun Hu, 

Logarithmic conformal field theory and boundary effects in the dimer model, Phys. Rev. 

Lett. 95 (2005) p. 260602 (4 pages). 

MI6. N.Sh. IzmaiHan, K.B. Oganesyan, Ming-Chya Wu and Chin-Kun Hu, Finite­

size corrections and scaling for the triangular lattice dimer model with periodic 

boundary conditions, Phys. Rev. E 73 (2006) p. 016128 (9 pages). 

MI7. N.Sh. Izmailian, V.B. Priezzhev and Philippe Ruelle, Non-local finite-size 

effects in the dimer model, SIGMA 3 (2007) p. 001 (12 pages). 

MIS. N.Sh. Izmailian, V.VI. Papoyan, V.B. Priezzhev and Chin-Kun Hu, Self­

organizing behavior in a lattice model for co-evolution of virus and immune systems, 

Phys. Rev. E 75 (2007) p. 041104 (7 pages). 

26 

MI9. N.Sh. Izmailian and Chin-Kun Hu, Finite - size effects for the Ising model 

on the helical tori, Phys. Rev. E. 76 (2007) p. 041118 (17 pages). 

M20. N.Sh. Izmailian, Universal amplitude ratios in the Ising model on the Bethe 

lattice, Electronic journal of natural sciences 11 (2008) p. 61-66. 

M21. N.Sh. Izmailian and Chin-Kun Hu, Boundary conditions and amplitude 

ratios for finite-size corrections of a one dimensional quantum spin model, Nucl. Phys. B 

808 (2009) p. 613-624. 

M22. N.Sh. Izmailian and Yeong-Nan Yeh, Ising model with mixed boundary 

conditions: Universal amplitude ratios, Nucl. Phys. B 814 (2009) p. 573-581. 

M23. N.Sh. Izmailian and Ming-Chang Huang, Asymptotic expansion for the 

resistance between two maximum separated nodes on a $M \times N$ resistor network, 

Phys. Rev. E 82 (2010) p. 011125 (12 pages). 

M24. N.Sh. Izmailian, Finite-size corrections in the Ising model with special 

boundary conditions, Nuclear Physics B 839 (2010) p. 446-465. 

M25. N.Sh. lzmailian and Ralph Kenna, Dimer model on a triangular lattice, Phys. 

Rev. E 84 (2011) p. 021107 (7 pages). 

M26. F. Y. Wu, Wen-Jer Tzeng and N.Sh. Izmailian, Exact solution of a 

monomer-dimer problem: A single boundary monomer on a nonbipartite lattice, Phys. 

Rev. E. 83 (2011) p. 011106 (6 pages). 

M27. N.Sh. Izmailian, Universal amplitude ratios for scaling corrections on Ising 

strips, Phys. Rev. E 84 (2011) p. 051109 (6 pages). 

M28. N.Sh. Izmailian, Universal amplitude ratios for scaling corrections on Ising 

strips with fixed boundary conditions, Nuclear Physics B 854 (2012) p. 184-192. 

27 



N
 

E
 

.IO
 

.d
 
~
 

?
"' 

.2 :a -a 
~
 

N
 

A
 

.IO
 

';l 
A

 
i 

:a 
I 

.g. 
a. 

I 
.,::I 

.g. 
I 

II 
'g. 

C>J 
§' 

..u 
1 

II 
i:: 

;:?.; 
tJ

 
9 

.J:l 
P

l. j 
tJ

 
s 

i:: 
.g: 

i:: 
~
 

.IO
 

t 
...... 

.::r' 
O

> 
s 

P-< 
i:>!. 

,J...J 
s 

~ l 
'-;::! 

.J:l 
~ 

§, ~ 
u 

:r 
.::r' 

.::r' fr 
12... 

s 
i:!.. 

§ 
.g. 

] 
A

 
::s 

1 
s 

A
 

§ 
9 

..u 
'-;::! 

..u 
~
 

! 
s 

.::r' 
i:!.. 

a j 
i. 

.g 
.g 

:r 
A

 
..u 

&
 

...... 
~
 

';:I 
s 

O
> 

.::r' 
~
 

::s 
s 

Pio 
~
 

s 
g. 

a. 
i:: 

A
 

O
> 

§= 
~
 

3 
.§ 

0 
O

> 
~
 

.J:l 
µ

, 
A

 
.2 

~ 
-& 

i:!.. 
a 

~
 

-a 
i:!.. 

ff 
? 

a 
i 

a
i 

,J...J 
,J...J 

.J:l 
..u 

i:: 
.,::I 

E
 
~
 

i:!.. t ]. 
~
 

.::r' 
'g. 

1 :& 
i::.i 

.J:l 

i 
§ 

..u 

t l 
i 

.J:l 

-s 
.::l 

~ 
.J:l 

E-
P

l. 

~ 
i:!.. 

...... 
~
 

i:: 

t 
? 

§ 
s 

]. 
.::r' 

.:r' 
.::r' ] 

O
> 

s 
.:r' 

i:: 

s 
~
 

...... i 
g. 

.,::I t 
::s 
~
 

g. 
S'l ~ 

1 
§ 

A
 

j 
.t 

s 
i:!.. 

s=.i 
.::r' 

] 
.2 

..u 
i:!.. 

i:: 
i:!.. 

µ
, 

s 
C

> 

~ 
s 

I 
'S

' 
.J:l 

]. 
S< 

µ
, 

~
 

i 
.J:l 

A
 

~
 

j 
µ

, 
g. 

..u 
';l :a 

~ 
';l 

b 
.::r' 'l 

::s 
.§ 

.:r' 

t 1 
? 

i:: 
.a 

.§ 
§' 

';l 
a 

.:r' 

] 
g. 

j 
...... 

i:!.. 
~
 

.:r' 
~ 

g. 
..i:i 

i:: 
:g. 

s 
i:: 

~ 
i:: 

j 
.J:l 

~
 

i:!.. J 
.$

 .g. 
:r 
~
 i 

Pio 
O

> 
A

 
C

"' 
P

l. 
.,::I 

s 
:r 

-a 
9 

'-;::! 
~
 

..u 
1 

s 
i:: 

.:r' 
s 

A
 

~ 
.:r' 

:g 
s 

i:: 
'-;::! 

i:!.. 
s 

..u 
&

 
'-;::! 

en 
~
 

s 
.2 

..u 
i::" 

C>J 
C

> 
A

 
"' 

i:!.. 
i:: 

i:!.. 
§' 

.J:l 

-a t '-;::! 
.,::I 

.B 
...... 

..u 
A

 
12... 

s 
A

 
"' 

:§"' 
;:I 

.2 
i:!.. 

12... 
-§:: 

s 
:g. 

'-;::! 
i:!.. 

O
> 

Pio 
::s 

-a 
.J:l 

..u 
.::r' £ 

§. 
~
 

:::i 
.J:l 

::r 
.;;..· 

.§. 
:r 

'-;::! 
9 

,J...J 
..u 

s 
"' 

~
 

a 
.J:l 

j 
i::.i 

i:: 
i:!.. 

~
 s: 

g. 
:a 

~
 
~
 
~
 

? 
.J:l 

i:!.. 
i:: 

,...:; i 
~
 

::s 

~ 
j 

i:!.. 
i:: 

~
 

;:?.; 
';l I 

"S 
..u 

.::l 
] 

i:: 

~
 

;:I 
i::.i 

]. 

t 
~
 

.g. 
.::r' 

';l 
P-< 

i:: 
.g. 

A
 

¥ 
j 

.J:l 
i:!.. 

u 
'-;::! 

i::" 
i:: 

... 
§ 

s 
s 

.J:l 
i:: g a 

i::.i I 
'-;::! 

i:>!. 
~
 

.§ 
';l 

~ 
C>J 

'-;::! 
C

> 

{ 
g. 

.,::I 
';l 

..... 
i:!.. 

s 
..u 

.E
' 

s 
i:: 

g. 
?
"' 

~ 
..u 

i:: ·r 
-& 

i:!.. 
:g. 

a. 
§' 

12... 
Pio 

.a ~ 
...... 

::s 

t ~ 
,J...J 

g. 
Pio 

.A-< 
.J:l 

...... 
,J...J 

;:I 
.,::I 

i::.i 
.g 

..u 
.::r' 

[ 
.::l 

j 
.J:l 

.J:l 
~
 

i:!.. 
.::r' 

::r 
~ 

§ 
O

> 
i:>!. 

.J:l 
-a 

12... 
O

> 
o:I 

i:: 
.,::I 

C
> 

i:!.. 
.::r' 

§. 
.,::I 

'-;::! 
i 

.::l 

1 
:a 

~
 

12... f :a 
§' 

::r .g. 
.,::I 

~ 
O

> 
s: 

i:: 
s 

s 
~
 

A
 

s: 
A

 
P

l. 
A

 
.,::I 

.[ 
A

 
.,::I J 

~ 
J i:;" 

O
> 

.:r' 
.:r' 

~ i 
i:!.. 

i:!.. 

~ 
i:: 

i:: 

I 
i:: 

§. 
..u 

l 
i:!.. 

.g. 
.2 

s 
.;;.. i 

b 
.g. 

:a 
0 

O
> 

Pi. 
.2: 

a
i 

i:!.. 

~ 
§, 

~
 

? 
i:!.. 

a' 
.IO

 

~ 
.J:l 

"S 
Pio 

• 
~
 

.::r' 
µ

, 
i:!.. 

• 
A

 
i:: 

s 
.g. 

i:!.. 
;g 

.g. 
s 

[ 
0 

~ 
.::r' 

i:: 
g. 

i:: 
s=.i 

§ 
O

J 
i:!.. 

i:!.. 
i:!.. 

;:I 
~
 

"' 
;:I 

§ 
.::r' 

§, 
a. 

~ 
&

 .g. 
g. 

;a 
§' 

:g. 
.g 

.J:l 
i:!.. 

i:!.. 
j 

P
l. 

a. 
i9' 

:r 
..u 

.:r' 
s 

:a 
.,::I 

.::l 
.,::I i 

A
 

-a :a 
s 
~
 

A
 

A
 

..:. :a 
A

 
..2.. 

'3 
i:!.. 

s 
s 

~ 
-a 

C
"' 

:g. 
.[ 

.g. 
~ 

A
 

§' 
g. 

.g. 
-g 

i:!.. 
§' 

.:r' 
i:: 

~
 

.[ ~ "[ 
~ 

.§ 
l 

s 
? 

£ 
P

l. 
... 

gi 
? 

9' 
:r 

a. 
i:!.. 

s 
i:!.. 

.::r' 
P

l. 
.,::I 

:r 
g: 

.IO
 

'3 
.J:l 

-s 
.J:l 

§ 
s 

,J...J 
i:: 

i:: 
..u 

]. 
§ 

a 
.J:l 

£ 
-§:: 

.::r' 
'-;::! 

]. 
::::::> 

i::-< 1 
]. 

£ 
µ

, 
a. j: i 

-a 
j 

O
> 

z 
i:!.. 

~
 

i:!.. 
i:: 

..u 
~
 

~ 
::r 

-§:: 
j 

a 
~ 

P
l. 

s 
i:!.. 

~
 

.J:l 

1 
:g. 

:g. 
:r 

:g. 
§' 

';l 
i:: 

g. 
1 

~
 

o(') 
.::l 

.J:l 
]. 

A
 

l 
~
 

.,:::s 
..u 

i:: 
§' :a 

::s 

~ 
O

> 
;..:.i 

§: ~ 
,..c:i 

.,::I 
? 

' 
A

 
::5 

.::r' 
3 

§, 
§ :a 

:r 
3 1 

A
 

.;;.. 
.2 

i:: 

f 
i:!.. 

~ 
~
 

~
 

s 
s 

J 
i:!.. 

~
 1 i:!.. 

C
"' 

gi :a 
? 

.g 
s 

s: 
§ 

';l 
~ 

s 
::s 

..u 

~ 
i:: 

'-;::! 
';l ~ 

~
 

.g. 
.d

 
~
 

-§:: 
i:!.. 

]. :a ~ 
i:: 

i:!.. 
s 

i:: 
';l 

s 
j 

.a 
.g. 

..u 
i:!.. -a 

s 
..u 

.J:l 
.::r' 

E
 

s 
.g. i 

';::I 
"' 

.:r' 
A

 
:a ~ 

..cs :! 
3 

s 
s 

,..c:i 
~
 

j 
]. 

-a 
.::r' ~ 

§' 
~
 

[ 
ff 

:a 
~ 

';l 
C>J 

? 
'3 

"' 
~
 

a 
µ

, 
.IO

 
i:!.. 

i:!.. 
j 

:r 
::s 
~
 

s 
.g. 

i:: 
..u 

A
 

s 
..u 

s: 
';::I J 

~ 
i:: 

:g. s: 
~
 

i:: 
s 

i:: :a 
i:!.. 

i:: 
µ

, 
O

> 
Pio 

::s 
'-;::! 

~
 

~ 
.:r' 

O
> 

:r :a 
i:!.. 

a 
..u 

'-;::! 

~ 
~
 

.§ 
c.., 

~
 

1 
µ

, 
§. 

A
 

3 
.g 

§, 
,J...J 

~
 

.g. 
s=.i 

~ 
g 

[ 
i:!.. 

? 
';l 

1 
'E: 

.,::I 
a 

...... 
J 

? 
i:!.. 

.J:l 
s 

gi 
.Erl 

i:: 
.§l 

C
"' 

:g. 
g. 

a. 
.a 

~
 

...... 
~ 

t 
§= i 

s 
i 

i:: 
O

> 
j 

§ 
A

 
.,::I 

]. 
s: 

i:!.. 
] 

P
l. 

.§ 
§= 

.J:l 
g. 

~
 ~ 

.::r' 
-§:: 

i:!.. 
:g. 

? 
g. 

:2: 
~
 

~ 
j 

i:!.. 
]. 

0
0

 
i:!.. 

..c:. 
..u 

~ 
j 

s 
..u 

j 
i:: 

"' 
c:::: 

] 
i:: 

..cs 
:g. 

[ 
~
 

~ 
g 

:a 
..§: 

~ 
.:r' 

i:!.. 
C

> 
C>J 

j 
a 

a 
A

 
i 

t 
.g. 

.,::I 
]: 

[ 
:a 

.::l 
g a .g. 

::s :a 
s 

.::r' 
-§:: 

? 
i:!.. 

.,::I 
s 

s ~ 
2. 

§ 
i:!.. 

§' 
s i 

j 
~
 

] 
§ 

.,::I 

t 
i:: 

.g. 
s 

O
> 

~ 
.a 

..u 
A

 
..u 

? 
C>J 

.J:l 

~ 
.[ 

';l 
';l 

.::l 
.,:::s 

~
 

A
 

i:!.. 
~
 

"' 
.:r' 

? 
i:!.. 

s 
s 

s 
~ 

i:: 
:g. 

.::r' 
A

 
"' 

§: 
i:: 

~ 
i:: 

.g 
.g. 

i 
C>J 

a 
::;' 

~ 
g :a 

:§"' 
I 

~
 

O
> 

-a 
:J3 

~ 
A

 t 
i:!.. 

.:r' 
I 

~
 

i:!.. 
s 

j 
i 

i:!.. 

~ 
:g. 

O
> i 

s 
i 

..u 
A

 
..u 

j 
~
 

O
> 

.§:: 
'-;::! 

g. 
::? 

s: 
a 

µ
, 

? 
';l 

~ 
~ 

C>J 
..c:. 
~
 

i:: 
a 

? 
::r' 

[ 
~ 

A
 

..u 
.g. 

';l 
..u 

i:!.. 
s:!J 

i:: 
'-;::! 

i:: 
';l 

.[ 
i:: 

';:j 

£ 
? 

1 
§ 

::s 
.J:l 

i:: 
P

l. 
.::l 

'-;::! 
t 
~ 

i:!.. 

t 
A

 
C>J 
~
 

:r 
§. 

:r 
-a 

-s 
A

 

-a 
i:: 

';::l 
..cs 

g. 
i:!.. 

~
 ~ 

,J...J 
g: 

9' 
.::r' 

a. 
.[ 

~ 
C>J 

i 
i:!.. 

g. 
-a 

.IO
 

s 
A

 
i:: 

.:r' 
s 

';:j 
~
 

! 
~ 

~ 
:::i 

] 
i 

s 
-a 

9' 
.::l 

[ 
i:!.. 

:r 
z 

,J...J 
C

"' 

g. 
i:!.. i 

i:!.. 
i:: :a 

.J:l 
'E: 

i. 
.::r' 

µ
, 

i:!.. 
A

 
s 

]. 
~ 

~ 
A

 
.IO

 

£ 
::5 

~ 
;:I 

~ 
i::.i I 

C
' 

i::.i 
§ 

A
 

3 
s 

ff 
g: 

';l 
.g. 

8 
j 

..c:. 
';l 

§ 
';l 

s 
~
 

~ 
]. 

i:: 
s 

j 
P!. 

i:!.. 
• 

-s 
';l 

• 
.:r' 

i:: 
• 

..cs 
i:: 

s 
i:: 1 • 

A
 

• 
C

> I 
s 

a. 
§ 

O
> 

s 
O

> 
';::l 

.E
: 

g 
~ 

~ 
i:!.. 

i:: 
§ ~ 

~ 
3 

µ
, 

g. 
~ 

..cs 
i:: 

s 
j 

j 
:g. 

s 
::s 

.::l 
:r 

b 
O

> 
g. 

-& 
::;' 

::5 



Nikolay Izmailyan 

Universality and finite-size effects in two-dimensional models of statistical mechanics 

SUMMARY 

In conclusion we enumerate the main results obtained in the thesis. 

• For the Ising universality class we have discovered a new set (infinite) of the 

universal amplitude ratios whose values depends on the boundary conditions. We have 

show how such dependence of the universal amplitude ratios on the boundary 

conditions can be explained in the framework of the Conformal Field Theory. 

• We have provided a systematic method to compute finite-size corrections to 

the partition function and their derivatives of the Ising, dimer and Gaussian models on 

torus. Our approach is based on an intimate relation between the terms of the 

asymptotic expansion and the so-called Kronecker's double series which are directly 

related to elliptic theta functions. 

• We express the partition functions of the dimer model on finite square lattices 

under five different boundary conditions free, cylindrical, toroidal, Mo""bius strip, and 

Klein bottle in terms of the partition functions with twisted boundary conditions Za.~ 

with (a, /3) = (1;:2, 0), (0, 1;:2) and (1;:2, 1;:2). Based on such expressions, we then derive 

the exact asymptotic expansion of the logarithm of the partition function for all 

boundary conditions mentioned above. We have also established several groups of 

identities relating dimer partition functions for the different boundary conditions. 

We solve the monomer-dimer problem on a nonbipartite lattice, a simple quartic 

lattice with cylindrical boundary conditions, with a single monomer residing on the 

boundary. Finite-size analysis of the solution is carried out. We find from asymptotic 

expansions of the free energy that the central charge in the logarithmic conformal field 

theory assumes the value c = -2. 

30 

• We propose a lattice ~el for the co-evolution of a virus population and a;o. 

adaptive immune system. We ~ that, under some natural assumptions, both 

probability distribution of tb;e ~ population and the distribution of activity of the 

immune system tend during theevolution to a self-organized critical state. 

• We give a bijection of dimer model on square lattice with spanning tree and 

Abelian sandpile mo®l, which not only allows a proper understanding of the dimer 

model but proves also very useful to calculate finer effects. Using this bijection, we 

clarify and explain the amazing confusion existing in the literature about the central 

charge of the dimer model on the square lattice. We find that unusual finite-size 

behavior of the dimer model on the square lattice can be fully explained in the 

framework of the c=-2 logarithmic conformal field theory. 

• We establish an intriguing connection between geom~ and 

thermodynamics in the critical q-state Potts model on two-dimensiOl:u!l lattices, using 

the q-state bond-correlated percolation model (QJ3CPM) representation. We find that 

the number of clusters Ne of the QBCPM has an ~gy like singularity for q "' 1, which 

is reached and supported by exact results, num.e1ical simulation, and scaling arguments. 

We also establish that the Bm.te-1111 correction to the number of bonds, Nb, has no 

constant term and ccp1aim the d!wraance of rt11ated quantities as q-+ 4, the 

multicritical point. 

• Wt W CU mctly 10lvabl1 cues for the spin-3/2 Ising model on a square 

and hOM)'COlllb 1atdnl delcribed by the most general Hamiltonian with up-down 

symmetry. 
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